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Abstract

Instead of exploiting instruments and claiming these to be uncorrelated with
the disturbances, in an instrument-free approach one may adopt flexible bounds
on the correlation between the endogenous regressors and the disturbances. Such
an alternative to Two-Stage Least-Squares (TSLS) inference is developed here for
general linear models with endogenous possibly time-dependent regressors. Ear-
lier results enabled this just for rather restrictive mesokurtic i.i.d. cross-section
data. In three empirical replication studies their underlying exclusion restrictions
are shown to be most doubtful. Next, incredible (weak-instrument robust) TSLS
inference is replaced by more reliable remarkably narrow instrument-free asymp-
totically conservative confidence intervals.

1. Introduction

For rather specific models with endogenous regressors Kiviet (2019) develops an alter-
native approach that does not require the use of instrumental variables. Instead of
strict orthogonality assumptions on instrumental variables and disturbances, it requires
certain bounds on the possible nonorthogonality of regressors and disturbances. Then,
as long as the actual endogeneity respects the specified bounds, asymptotically valid
instrument-free inference on coeffi cients can be produced. In the earlier derivations,
however, it was assumed for the sake of simplicity that the sample observations of all in-
volved variables are: (i) independently and identically distributed (i.i.d.), which excludes
most time-series applications; (ii) mesokurtic (have tails like the normal distribution),
which is not realistic in most practical situations.
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In this study we start-off from the much more general framework usually adopted
when TSLS (two-stage least-squares) or IV (instrumental variables) are applied to either
cross-section or time-series data. In that context we derive the limiting distribution of a
least-squares-based consistent instrument-free estimator, which is unfeasible because it
is a function of the nuisance parameter vector characterizing any endogeneity. However,
this enables to construct asymptotically valid instrument-free inference, if one is willing
to adopt for each endogenous regressor an interval that contains the actual correlation
of that variable and the error term. These intervals provide much more flexibility than
the required strict zero correlation between instruments and errors which TSLS requires.
Moreover, by simulation we demonstrate that such asymptotic instrument-free inference
is remarkably accurate in finite samples, and can be much more effi cient than TSLS,
especially when instruments are weak, and certainly when they are wrong.
Besides producing inference on coeffi cients in its own right, these new techniques also

allow a sensitivity analysis of standard (and non-standard weak-instrument) IV or TSLS
inference, including a comprehensive check on the validity of instruments. This check
is more stringent than provided by Sargan-Hansen tests, because is has power as well
regarding just-identifying restrictions. In three replication studies the new techniques
are applied to the data used in earlier instrument-based publications. This reveals that
some of the assumptions on which these studies have been built seem doubtful. For all
case studies examined a new perspective regarding their empirical findings results.
When regressors are endogenous they are correlated with the model errors, which

leads to serious bias of least-squares estimators, irrespective of the size of the sample.
In such situations one usually reverts to applying method of moment estimators, which
are built on the assumed orthogonality of so-called instrumental variables and the model
errors. Such estimators may have two serious impediments, which are associated with
the proclaimed validity and relevance of the employed instrumental variables; see, for
instance, Bound, Jaeger and Baker (1995), Murray (2006, 2017), Kiviet and Niemczyk
(2012), Andrews, Marmer and Yu (2019), Andrews, Stock and Sun (2019) and many
of the further references in those studies. The validity or orthogonality of instruments
and errors can only very partially be vindicated on the basis of statistical evidence;
the major justification of instrument validity depends as a rule just on subject matter
specific rhetoric persuasiveness. External instruments can only be valid if they do not
have a direct effect on the dependent variable, so their exclusion from the regression
relationship should be true. Though, at the same time, in order to be relevant, they
should have a relatively strong indirect effect on the dependent variable through their
association with the endogenous regressors. If this association is weak then method of
moment estimators may be as seriously biased as least-squares estimators are, and they
will also be harmed by having an unattractive large dispersion and possibly a distinctly
nonnormal distribution.
For the alternative instrument-free inference methods validity and relevance of in-

struments are not an issue, self-evidently. Their primary impediment is actual cred-
ibility regarding the chosen range of likely values of the degree of endogeneity of the
individual regressors. A narrow range may yield seemingly more effi cient but also un-
mistakably less credible inference; wide ranges will be more credible but will as a rule
result in less pronounced statistical conclusions, as our applications will illustrate. These
applications indicate that the new techniques provide a useful sensitivity analysis of
instrument-based findings, revealing any vulnerability regarding presumptuous orthog-
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onality conditions. However, they also provide very attractive autonomous alternative
inference on regression coeffi cients. Even for rather wide intervals for the endogeneity
correlations instrument-free confidence intervals may be found to be narrower than those
constructed by weak-instrument robust methods, whereas their confidence coeffi cients
are much more trustworthy than those of the standard instrument-based methods, espe-
cially when instruments are weak. The instrument-free technique is computationally not
very demanding. It involves screening of inconsistency corrected least-squares coeffi cient
estimates over all compatible and credible values of the nuisance parameters established
by the correlations between regressors and disturbances. The major achievement of
this study is the derivation of an achievable upperbound to the asymptotic variance of
the inconsistency corrected least-squares estimator under practically relevant regularity
assumptions.
Identification of the parameters of single equations, or of the complete system to

which they belong, has usually been obtained by exploiting normalization and exclusion
restrictions or more general coeffi cient restrictions, see Koopmans, Rubin and Leipnik
(1950) and Fisher (1959). Achieving identification by exploiting restrictions on the co-
variances of the disturbances has been introduced by Fisher (1963) and extended by
Wegge (1965); more recently it has been specialized to exploiting heteroskedasticity for
identification, see Lewbel (2012). In the approach developed here point-identification
of a single structural equation is based on restricting yet other parameters, namely the
correlations between regressors and disturbances. At first sight this may seem odd, be-
cause in current practice the actual sign and magnitude of these correlations are usually
disregarded, except for the case of them being zero or not. Simulations in Kiviet and
Niemczyk (2012) show, however, that these correlations are nuisance parameters which
may, like the strength of instruments, seriously distort the finite sample distribution
of TSLS based estimators and test statistics. Therefore, and because TSLS estimators
are built on statistically unverifiable preconditions, as a rule statistical inference on the
actual value of these endogeneity correlations will be highly unreliable. Below, however,
we will indicate that in many practical situations the theoretical arguments used to
suggest a particular model specification implicitly entail assumptions on the sign and
likely magnitude of endogeneity correlations. Moreover, our procedures do not require
assumptions on the true values of these correlations. To achieve set-identification, as
defined in Bontemps and Magnac (2017), they just require to specify intervals which
should enclose these true values.
In the next Section 2 we first indicate how the role of the actual endogeneity correla-

tion parameter is usually downplayed in current practice and how it can be made more
explicit by reformulating the model. How this correlation depends on other parame-
ters in the three basic empirically relevant situations that may give rise to endogeneity
of regressors is spelled out in Appendix A. The derived expressions facilitate to make
credible assumptions on the likely sign and magnitude of any endogeneity of regressors.
The reformulated model, in which regressor endogeneity is directly parametrized, will
be used in the derivation of the asymptotic validity of the alternative instrument-free
inference methods. Because these derivations are rather cumbersome for a model with
an arbitrary number of regressors, from which probably more than one is endogenous,
Section 3 first considers the simple model with just one regressor for which all matrix
algebra can be avoided. This regressor may be endogenous, nonnormal, and also de-
pendent on its own past, as is often the case for regressors in time-series relationships.

3



In this section we also position our instrument-free methods with respect to alternative
approaches, such as methods to cope with invalid exclusion restrictions and to handle
moment inequalities. The oversimplified model of Section 3 provides a helpful stepping
stone towards the presentation of the results in Section 4 for single linear multiple re-
gression models with an arbitrary number of endogenous explanatories. The technical
derivations of the results presented in Sections 3 and 4 can be found in Appendices
B through E. Section 5 provides simulation evidence on the accuracy of the proposed
methods in finite samples. Those who are primarily interested in the actual practical
achievements of the new approach may immediately jump to Section 6. This contains
three empirical replication studies, where standard and non-standard instrumental vari-
able based inferences are supplemented with instrument-free results. The latter reveal
frailties in and provide alternatives to the earlier findings. Finally, Section 7 concludes.

2. Characteristics of the model

In social science, and especially in economics and business, relationships are usually mod-
eled on basis of so-called observational data (not stemming from controlled experiments)
and under specification uncertainty. Then explanatory variables may be contempora-
neously correlated with the model error. Like the dependent variable (the regressand),
which is unavoidably contemporaneously correlated with the errors, such regressors are
labeled endogenous. Apart from testing whether these correlations are zero or not, cur-
rently in econometrics usually little attention is being paid to the actual non-zero values
they may have. The endogeneity correlations are usually not made explicit in the model
formulation. The classic instrument-based estimation techniques are designed such that
they are asymptotically invariant regarding the value of the endogeneity correlations;
this invites to neglect these nuisance parameters altogether.
In our approach, on the other hand, the endogeneity correlations are parameters of

primary interest. Therefore, we will use in the derivations of our techniques a reformula-
tion of the model in which these correlations are made explicit. To trace the likely signs
and actual values of these correlations we will derive how they are functionally related
to other parameters. Here we have to distinguish three cases, since there are three fun-
damental sources for endogeneity of regressors, namely: (a) simultaneity, (b) errors in
explanatories, and (c) wrongly omitted explanatories. One may argue that a fourth pos-
sibility is joint occurrence of autoregressive disturbances and lagged dependent variable
regressors in a time-series regression. However, such endogeneity could be resolved in
principle by including in the regression further lags of all regressors. So, in essence, this
case is already covered by (c). In all three situations the resulting endogeneity correla-
tion is a function of other parameters of the underlying theoretical model, as is shown
in Appendix A. It provides formulas for the model defined below by which in specific
cases a rough assessment of the likely sign and magnitude of regressor endogeneity can
be made.
Without specifying any reduced form equations, we develop instrument-free inference

methods for the parameters β of the single linear regression model with K possibly
endogenous zero-mean regressors collected in the K × 1 vector xi, denoted as

yi = x′iβ + ui, (2.1)
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where
xi ∼ (0,Σxx) and ui ∼ iid(0, σ2u). (2.2)

In the context of regression relationships which are linear in their coeffi cients, Appen-
dix A shows that endogenous regressors can in theory always be decomposed into two
contemporaneously uncorrelated additive components. One of these components is pre-
determined or exogenous, and the other is endogenous. The latter is simply a multiple
of the error term and a factor which is proportional to the endogeneity correlation. We
denote this decomposition as

xi = ξi + λui, (2.3)

where random ξi ∼ (0,Σξξ) and deterministic λ are both K × 1 vectors, with E(ui |
ξi) = 0, hence E(ξiui) = 0 and E(xiui) = λσ2u. For j, k = 1, ..., K we denote (Σxx)jk =
σjk = E(xijxik), σ

2
k = σkk, Σx = diag(|σ1| , ..., |σK |) and ρxu = (ρ1, ..., ρK)′ with ρk =

E(xikui)/(σkσu). Then

λ = σ−1u Σxρxu, with λk = E(xikui)/σ
2
u = ρk |σk/σu| . (2.4)

The OLS (ordinary least-squares) estimator for β, given by β̂OLS = (X ′X)−1X ′y,
where X = (x1, ..., xn)′ is an n × K matrix and y = (y1, ..., yn)′ an n × 1 vector, has
(invoking the law of large numbers) probability limit given by

plim β̂OLS = β + (plimn−1X ′X)−1 plimn−1X ′u = β + σ2uΣ
−1
xxλ

= β + σuΣ
−1
xxΣxρxu. (2.5)

Hence, in general, each element of β̂OLS is inconsistent (thus biased, irrespective of
the size of the sample) if any element of ρxu (or of λ) is nonzero. Each nonzero element
undermines one of the K moments E(xiui) = σ2uλ = σuΣxρxu to establish a valid orthog-
onality condition. Instead of invoking alternative valid orthogonality conditions based on
often fanciful external instruments, we will use (2.5) to obtain an inconsistency-corrected
least-squares estimator.

3. Instrument-free inference in a very simple model

The full proof of instrument-free and fairly robust inference in general linear regression
models with some possibly endogenous explanatory variables will be introduced here
first for model (2.1) when K = 1. Earlier we focussed on i.i.d. cross-section samples,
see Kiviet (2013, 2016). Now we want to cover time-series regressions with forms of
dependence between the sample observations as well. Therefore we assume

E(xiut) = 0 for 1 ≤ i < t ≤ n, (3.1)

but allow
E(xiut) 6= 0 for 1 ≤ t ≤ i ≤ n. (3.2)

Hence, although the regressor could be exogenous, namely when E(xiut) = 0 ∀i, t, or
predetermined when E(xiut) = 0 ∀i ≤ t, it could also be endogenous. We adopt

E(ui | xi−1, ..., x1, ui−1, ..., u1) = 0 for i ≥ 2. (3.3)
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Then ui is called an innovation with respect to its own past and that of xi, whereas
xi could depend on current and past ui and on past xi. So, the sample observations
{yi, xi; i = 1, ..., n} are not necessarily independent. For the sake of simplicity, though,
we will assume them to be identically distributed. Note that assumption (3.3) easily
matches with i.i.d. cross-section applications. It does also with time-series regressions,
in case the endogeneity stems from simultaneity or from errors in regressors, provided
ui and εi and ηi (introduced in Appendix A) are serially uncorrelated indeed. However,
in case of wrongly omitted time-series regressors, the assumption that ui = β2x

(2)
i + εi

is serially uncorrelated would require that omitted regressor x(2)i is serially uncorrelated
too. In many empirical time-series applications this seems highly unlikely.
In line with Section 2 we assume that the scalar regressor xi can be decomposed as

xi = ξi + λui ∼ (0, σ2x), where ξi ∼ (0, σ2ξ ) and E(ui | ξi, ..., ξ1) = 0, so component ξi is
predetermined but could in fact be strictly exogenous. The endogeneity of the regressor
can be expressed by the constant correlation

ρxu = λσu/σx. (3.4)

Because σ2x = σ2ξ + λ2σ2u = σ2ξ + ρ2xuσ
2
x we have σ

2
ξ = (1 − ρ2xu)σ2x. In this one-regressor

model1

β̂OLS = (Σx2i )
−1Σxiyi = β + (Σx2i )

−1Σxiui, (3.5)

and (2.5) specializes into

β̂OLS = β + n−1Σxiui/(n
−1Σx2i )→ β + ρxuσu/σx. (3.6)

where → indicates convergence in probability. Hence, β̂OLS is inconsistent when the
degree of endogeneity ρxu is nonzero.
Assuming for the moment that ρxu were known, then a consistent estimator of β

could be obtained, provided that we can find consistent estimators for σu and σx too.
Since

σ̂2x = n−1Σx2i → σ2x (3.7)

we have σ̂x → σx. From ûi = yi − xiβ̂OLS = ui − xi(β̂OLS − β) = ui − xiΣxiui/Σx2i , we
find Σû2i = Σu2i − (Σxiui)

2/Σx2i , thus

n−1Σû2i = n−1Σu2i − (n−1Σxiui)
2/n−1Σx2i → σ2u − ρ2xuσ2u = σ2u(1− ρ2xu),

so
σ̂2u(ρxu) = (1− ρ2xu)−1n−1Σû2i → σ2u, (3.8)

giving σ̂u(ρxu)→ σu. From these we obtain what we called in previous studies the kinky
least-squares (KLS) estimator

β̂KLS(ρxu) = β̂OLS − ρxuσ̂u(ρxu)/σ̂x → β, (3.9)

which is consistent, although unfeasible, unless ρxu is really known.

1All summations that follow are over the range i = 1, ..., n.
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In Appendix B we find that the limiting distribution of KLS has a variance which
is not only determined by ρxu, but also by the kurtosis parameters κu = E(u4i )/σ

4
u and

κx = E(x4i )/σ
4
x. It can be expressed as, see (B.12):

n1/2[β̂KLS(ρxu)− β]→ N [0, θ(ρxu, κu, κx)σ
2
u/σ

2
x], (3.10)

with θ(ρxu, κu, κx) =
4 + (κu + κx − 14)ρ2xu − 2(κu − 5)ρ4xu

4(1− ρ2xu)2
.

So the variance is invariant regarding the sign of ρxu. Also any skewness of the distri-
butions of xi and ui, and their fifth and higher-order moments, have no effect. When
ρxu = 0 KLS specializes to OLS, which has limiting distributionN (0, σ2u/σ

2
x) irrespective

of the third and higher-order moments of the data. For arbitrary ρxu and the special
case κx = κu = 3 (which covers normality) the KLS limiting distribution corresponds
to that of OLS too, because θ(ρxu, 3, 3) = 1. For pretty small absolute values of ρxu the
variance is not very much affected by how much κu and κx differ from 3 (called their ex-
cess kurtosis).2 For both κx and κu smaller than 10 and |ρxu| ≤ 0.3 factor θ(ρxu, κu, κx)
is smaller than 1.35, and for |ρxu| ≤ 0.5 it does not exceed 2.5, giving a multiplicative
boost to the KLS standard error, as obtained under zero excess kurtosis, of at most 1.16
and 1.58 respectively.
The qualities of KLS in comparison to IV are illustrated by the following. When

estimating the one-regressor model by IV the strongest possible valid though unfeasible
instrument would obviously be variable ξi. Its strength is given by Corr(ξi, xi) = σξ/σx =
(1 − ρ2xu)1/2. Hence, the more serious the endogeneity is, the weaker even the strongest
possible valid instrument must be. And on the other hand: when a valid instrument
is really very strong, this implies that the endogeneity cannot be very substantial at
the same time. The variance of the limiting distribution of β̂IV (ξ) = Σ(ξiyi)/Σ(ξixi)
is σ2u/σ

2
ξ = (1 − ρ2xu)

−1σ2u/σ
2
x, whereas for KLS (in case κu = κx = 3) this is σ2u/σ

2
x,

which is never dominated by IV. It can easily be derived that in the simple one-regressor
model, only for substantial excess kurtosis and limited endogeneity, unfeasible but most
effi cient IV can be more effi cient than unfeasible KLS, namely when κu + κξ > 10 and
ρ2xu < 1− 4/(κu + κξ − 6) < 1.
For testing hypotheses on —or constructing confidence intervals for— β we need a

consistent estimate of θ(ρxu, κu, κx)σ2u/σ
2
x and may then approximate V ar[β̂KLS(ρxu)] in

finite samples by

V̂ ar[β̂KLS(ρxu)] = nθ(ρxu, κ̂u(ρxu), κ̂x)σ̂
2
u(ρxu)/σ̂

2
x, (3.11)

where
κ̂u(ρxu) = n−1Σ[yi − xiβ̂KLS(ρxu)]

4/σ̂4u(ρxu),

κ̂x = n−1Σx4i /σ̂
4
x.

 (3.12)

In order to realize V̂ ar[β̂KLS(0)] = V̂ ar(β̂OLS), it makes sense to replace σ̂2u(ρxu) in
(3.11) by the asymptotically equivalent though degrees of freedom corrected expression

s2u(ρxu) =
1

(1− ρ2xu)
Σ(yi − x′iβ̂OLS)2

n−K , (3.13)

2Some benchmarks: A Student distribution with 5 degrees of freedom has kurtosis 9, a χ2 distribution
with 3 degrees of freedom has kurtosis 7, and the uniform distribution has kurtosis 1.8.
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where K = 1, or larger when exogenous regressors have been partialled out. In Sec-
tion 5 we will verify the accuracy in finite samples of the approximation β̂KLS(ρxu)

a∼
N [β, θ(ρxu, κ̂u(ρxu), κ̂x)s

2
u(ρxu)/x

′x].
For ζp denoting the pth quantile of the standard normal distribution,

C(β; ρxu, α) = [ĉα/2(ρxu), ĉ1−α/2(ρxu)] (3.14)

represents the (1 − α)100% asymptotic confidence interval for β, given the true value
ρxu, where for 0 < p < 1

ĉp(ρxu) = β̂KLS(ρxu) + ζp{V̂ ar[β̂KLS(ρxu)]}1/2.

Now consider the real interval R = [rL, rU ], where −1 < rL ≤ rU < 1, and let

ĉLα/2(R) = min
r∈R

ĉα/2(r) and ĉU1−α/2(R) = max
r∈R

ĉ1−α/2(r).

Then, provided ρxu ∈ R, an asymptotically conservative (1 − α) × 100% confidence
interval for β is

C(β;R, α) = [ĉLα/2(R), ĉU1−α/2(R)]. (3.15)

This confidence interval also serves to provide a conservative asymptotic test on β. The
interval includes all real values β0 for which the null hypothesis β = β0 should not be
rejected against two-sided alternative at significance level α, assuming ρxu ∈ R.
From (3.11) and (3.10) it is obvious that the closer one chooses rL to -1 and/or rU to

+1 the wider the conservative confidence interval will be. Hence, as is always the case for
realizing identification: some discriminative initial information should be adopted. Un-
limited robustness of inference regarding regressor endogeneity is illusionary. Likewise,
instrument-based inference cannot be made fully robust regarding unlimited weakness
or invalidity of the instruments. However, for rL = rU = ρxu the KLS estimator is point-
identified, and for rL and rU not arbitarily close to their extremes the identification set
is bounded.
Some might like to replace the role of the interval R by adopting a prior distribution

for ρxu. Such a Bayesian approach would form a natural alternative for the method
advocated in Kraay (2012), where a prior is adopted for the degree of invalidity of
external instruments. The approach based on R = [rL, rU ] seems the most natural and
a very flexible alternative to the standard frequentist instrument-based approach, where
a strictly-zero assumption is adopted regarding the correlation of instruments and errors.
Moreover, what should a realistic prior for ρxu look like? In the applications of Section
6 we will see that just one graph can serve any choice regarding R = [rL, rU ].
More alternatives for standard instrumental variables techniques have been sug-

gested. Nevo and Rosen (2012) derive set estimates under assumptions on the signs
and relative magnitudes of the simultaneity and possible instrument invalidity. Conley
et al. (2012) augment the model with the external instruments and make assumptions on
their coeffi cients (which would be zero under correct exclusion). Next this allows either
frequentist or Bayesian methods to obtain inference allowing for instrument invalidity.
Unlike our approach, these alternatives still use instruments and may therefore suffer
from bias and poor asymptotic approximations due to weakness of the instruments.
If a chosen intervalR could be represented by moment inequalities, this might enable

to confront the inference technique suggested here with the achievements of the moment
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inequality literature; see, for instance, Andrews and Soares (2010) and Bugni, Canay
and Shi (2017). However, the conversion of two-sided restrictions on the dimensionless
correlation ρxu into one-sided inequalities in not scale-free covariances between errors
and regressors is not self-evident. Moreover, to date the moment inequality literature
seems to have been developed just for i.i.d. samples, whereas we allow here for temporal
dependence.

4. Instrument-free inference for more general linear models

In this section we present the major result on which instrument-free inference in linear
static or dynamic regressions can be based. The notation used and the assumptions
made regarding the distribution of vector (x′i, ui)

′ for general linear regression model
(2.1) are as follows.

KLS Assumptions:
(a) First and second moments: The vectors {(x′i, ui)′; i = 1, ..., n} are identically (but not
necessarily independently) distributed with zero mean and the second moments E(xix

′
i) =

Σxx, E(u2i ) = σ2u and E(xiui) = σxu are all finite. Scalar σjk denotes the typical element
of Σxx and σj = abs(σ

1/2
jj ) for j, k = 1, ..., K with Σx = diag(σ1, ..., σK), hence σxu has

typical element ρjσjσu, where ρj is the typical element of vector ρxu = Σ−1x σxu/σu;
(b) Fourth moments: E(u4i ) = κuσ

4
u and E(x4ik) = κxσ

4
k for k = 1, ..., K, where κu and

κx are both finite and not smaller than unity;
(c) Time dependence: As E(uiut) = 0 and E(xiut) = 0 for t > i = 1, ..., n and arbitrary
otherwise, the disturbances are serially uncorrelated and individual regressors may be
either exogenous, predetermined or endogenous.

Note that no reduced form equations have been specified. That all regressors have
zero mean is helpful in the proof, but, as argued in Theorem 2 of Kiviet (2019), the
findings will also apply to the slope coeffi cients of models with nonzero mean regressors
that include an intercept. Also the assumption that all K regressors have the same
kurtosis parameter κx is convenient in the proof. Its consequences, which will be shown
to be minor, will be discussed later.

Further notation:
The sample equivalents of Σxx, Σ2

x and Σx are given by Sxx = n−1Σn
i=1xix

′
i, by S

2
x (the

matrix just containing the main diagonal of Sxx), and by the positive definite diagonal
matrix Sx (for which SxSx = S2x) respectively. By matrix R we denote the diagonal
K ×K matrix with the elements of ρxu on its main diagonal.

In Appendix D, which uses some basic underlying derivations collected in Appendix
C, we prove the following.

KLS Theorem:
Under the above KLS Assumptions estimator β̂KLS(ρxu) = β̂OLS − σ̂u(ρxu)S

−1
xx Sxρxu,

where σ̂2u(ρxu) = σ̂2u,OLS/(1− ρ′xuSxS−1xx Sxρxu) and σ̂2u,OLS = n−1Σn
i=1(yi − x′iβ̂OLS)2, has

limiting distribution

n1/2[β̂KLS(ρxu)− β]
d→ N [0, σ2uV (ρxu, κu, κx)],
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where V (ρxu, κu, κx) = Σ−1xxΘΣ−1xx , with

Θ = Σxx − (ΣxxR
2 +R2Σxx) + θ−1(Φ− ΣxxR

2Σ−1xxΦ− ΦΣ−1xxR
2Σxx)

− 0.25(κu − 1)θ−1[R2Φ + ΦR2 − θ−1(1− 2ρ′xuRΣxΣ
−1
xxΣxRρxu)Φ]

+ 0.25(κx − 1)(I + θ−1ΦΣ−1xx )Σ−1x R(Σxx ◦ Σxx)RΣ−1x (I + θ−1Σ−1xxΦ),

which uses θ = 1− ρ′xuΣxΣ
−1
xxΣxρxu > 0, Φ = Σxρxuρ

′
xuΣx and R = diag(ρ1, ..., ρK);

This theorem for dependent data specializes for κu = κx = 3 to Theorem 1 of Kiviet
(2019), which (apparently superfluously) supposed in its proof i.i.d. data.
Estimator σ̂2u(ρxu) —and thus KLS—only makes sense when ρ

′
xuSxS

−1
xx Sxρxu < 1. This

is in line with plim σ̂2u,OLS = plimn−1u′[I−X(X ′X)−1X ′]u = σ2u−σ2uρ′xu(plimSxS
−1
xx Sx)ρxu =

σ2uθ > 0. Thus, for vector ρxu one should only choose values that are confined to an ellip-
soid enclosed by a unit sphere. For K = 1 this simply implies ρ21 < 1, whereas for K > 1
values close to 1 for the absolute value of elements of vector ρxu may be unfeasible. For
K = 2 we find ρ′xuΣxΣ

−1
xxΣxρxu = (ρ21 − 2ρ1ρ2ω12 + ρ22)/(1 − ω212) < 1, where ω12 is the

correlation between the two regressors. For ρ2 = 0 this implies ρ21 < 1− ω212 < 1, which
conveys that when the two regressors have a nonzero correlation, whereas one of them
is predetermined, the other one cannot have an endogeneity correlation arbitrarily close
to 1.
Multiple regression models with just one endogeneous regressor, whereas its coeffi -

cient is the parameter of primary interest, occur very frequently in applied economics.
Therefore we consider now the case where only the first column x1 of the regressor ma-
trix X = (x1, X2) is endogeneous, whereas K ≥ 2. So, apart from ρ1, all other elements
of ρxu are zero. Then it follows from the theorem that the KLS estimator of β1 can be
expressed as

β̂1,KLS(ρ1) = β̂1,OLS − ρ1σ̂u,OLS(1− ρ21e′1SxS−1xx Sxe1)−1/2e′1S−1xx e1(n−1Σx2i1)1/2

= β̂1,OLS − ρ1[f1/(1− f1ρ21)]1/2n1/2SE(β̂1,OLS). (4.1)

Here SE(β̂1,OLS) = σ̂u,OLS[e′1(X
′X)−1e1]

1/2 is the usual (but when ρ1 6= 0 naive) estimate
for the standard deviation of β̂1,OLS. Factor

f1 = e′1(X
′X)−1e1Σx

2
i1 ≥ 1 (4.2)

is also known (when ρ1 = 0) as the ‘variance inflation factor’: the ratio of V ar(β̂1,OLS)
and its hypothetical value if all regressors X2 happened to be orthogonal to x1. Scalar
estimator β̂1,KLS(ρ1) is now only defined for

ρ21 < 1/f1 ≤ 1.

Suppose for the moment that we know the values of κu and κx. Then an asymptoti-
cally valid estimator of the variance of (4.1), derived in Appendix E, is

V̂ ar[β̂1,KLS(ρ1)] = s2u(ρ1)
4− 8ρ21 + (κu + κx − 6)ρ21f1 − 2(κu − 5)ρ41f

2
1

4(1− ρ21f1)2
f1

Σix2i1
. (4.3)

This variance increases with κx. And because ρ21f1 − 2ρ41f
2
1 = ρ21f1(1 − 2ρ21f1) we note

that it increases with κu only if ρ21 < 0.5/f1 and decreases when 0.5/f1 < ρ21 < 1/f1.
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The dependence of the variance estimate on both kurtosis terms is of order ρ21 and so
may be rather moderate, especially for relatively small ρ1.
For the case with an arbitrary number of endogenous regressors and unknown kur-

tosis coeffi cients, the variance of the full vector of the KLS coeffi cient estimator can be
estimated conservatively by

V̂ ar[β̂KLS(ρxu)] = ns2u(ρxu)S
−1
xx Θ̂S−1xx , (4.4)

where Θ̂ is obtained by replacing in the expression for Θ given in the theorem Σxx and
Σx by Sxx and Sx respectively, and κu and κx by

κ̂u(ρxu) = n−1Σ[yi − x′iβ̂KLS(ρxu)]
4/σ̂4u(ρxu),

κ̂x = max
j=1,...,K

n−1Σx4ij/σ̂
4
xj
.

 (4.5)

The Schur Theorem on Hadamard products implies that the contribution to Θ of the
term involving κx is positive-semidefinite. Hence, by taking for κx the maximum of the
K individual kurtosis estimates we avoid asymptotically underestimating the variance.
In the next sections we will find out that the actual contributions to the KLS variance of
the two terms involving kurtosis are in fact fairly insignificant. That we use the degrees
of freedom corrected s2u(ρxu) in V̂ ar[β̂KLS(ρxu)] and the uncorrected σ̂u,OLS in β̂KLS(ρxu)
is deliberate, because in simulations these choices proved to be preferable in (very) small
samples.
So, for any chosen numerical K × 1 vector r, such that r′SxS−1xx Sxr < 1, estimator

β̂KLS(r) is a consistent estimator of β, provided r = ρxu indeed, and its variance can be
adequately estimated too. Thus, contingent on using the true value for ρxu, restrictions
on β can be tested and confidence regions constructed by consistent methods which
can control significance levels asymptotically (and, as Section 5 will demonstrate, also
surprisingly accurate in finite samples). By calculating pT (r), the p-value of a particular
test statistic T, calculated assuming ρxu = r, over a dense grid of r values in some
region R (this region has dimension equal to the number of potentially endogenous
regressors in the relationship), instrument-free inference can be produced. Assuming
ρxu ∈ R, this inference is (asymptotically) conservative (meaning cautious by securing
that asymptotically type I error probabilities will never exceed some chosen critical
threshold pcrit) when rejecting the hypothesis if ∀r ∈ R one finds pT (r) < pcrit, and
not rejecting the hypothesis if pT (r) > pcrit for ∀r ∈ R; otherwise, when some pT (r)
values exceed and some (for different r values in R) do not exceed pcrit, the test is
inconclusive over R. Note that it is also possible to construct a range of regions, say Rh

(for h = 1, 2, ...), such that the test is always conclusive over each separate subregion.
Often primary interest is in estimating (or testing a linear restriction on) just a subset

of theK coeffi cients β. Suppose that we can decompose the regressors and corresponding
coeffi cients such that X = (X1, X2) and β′1 = (β′1, β

′
2) and that all endogenous regressors

belong to n×K1 matrix X1 and possibly some predetermined regressors as well, but all
regressors X2 have zeroes in their corresponding elements of vector ρxu. It is well known
from partitioned regression that vector β̂1,OLS = Hβ̂OLS, whereH = (IK1 , O), can also be
obtained by regressingM2y = y∗ onM2X1 = X∗1 , whereM2 = I−X2(X

′
2X2)

−1X ′2. Since
the sum of squared residuals of the regressions of y on X and of y∗ on X∗1 are equivalent,
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also σ̂2u,OLS = σ̂2u∗,OLS, where u
∗ = M2u. This is in agreement with plimn−1u∗′u∗ =

plimn−1u′M2u = plimn−1u′u from which it follows that σ2u∗ = σ2u. From

plimn−1X∗′1 u
∗ = plimn−1X ′1[I −X2(X

′
2X2)

−1X ′2]u = plimn−1X∗′1 u = plimn−1X ′1u

we obtain Sx∗1ρx∗1u∗ = Sx∗1ρx∗1u = Sx1ρx1u. Therefore, using a well-know result for the
inverse of a partitioned symmetric matrix, HS−1xx Sxρxu = S−1x∗1x∗1Sx1ρx1u = S−1x∗1x∗1Sx

∗
1
ρx∗1u∗ ,

and also ρ′xuSxS
−1
xx Sxρxu = ρ′x∗1u∗Sx

∗
1
S−1x∗1x∗1Sx

∗
1
ρx∗1u∗ , thus σ̂u(ρxu) = σ̂u∗(ρx∗1u∗). From this

we find

β̂1,KLS(ρxu) = Hβ̂KLS(ρxu) = β̂1,OLS − σ̂u(ρxu)HS−1xx Sxρxu
= β̂1,OLS − σ̂u∗(ρx∗1u∗)S

−1
x∗1x

∗
1
Sx∗1ρx∗1u∗ = β̂1,KLS(ρx∗1u∗). (4.6)

Hence, when the focus is just on β1, the KLS Theorem can also be applied to the
regression of y∗ on X∗1 , under the understanding that for full correspondence of the KLS
coeffi cient estimates vector ρx1u has to be replaced then by ρx∗1u∗ = S−1x∗1 Sx1ρx1u. Note
that each individual elements of ρx∗1u∗ cannot be smaller than the corresponding element
of ρx1u, because X

′
1X1 −X∗′1 X∗1 = X ′1X2(X

′
2X2)

−1X ′2X1 is positive-semidefinite.
Result (4.6) can be useful to deal slightly more satisfactorily with kurtosis of the re-

gressors. Partialling out as many predetermined regressors (including dummy variables)
as possible then requires to make an assessment only of the maximum of the kurtosis of
theK1 variables inX∗1 . In the model with just one endogenous regressor, after partialling
out all predetermined regressors, inference on the coeffi cient of the endogenous regressor
can directly be obtained on the basis of the kurtotis of the single variable M2x1. Then
taking the maximum of all K kurtosis estimates has been avoided, and the "conserva-
tiveness" problem circumvented. Note that partialling out endogenous regressors would
lead to complications because then ρx∗1u∗ 6= ρx1u. The KLS Theorem supposes that the
intercept has been partialled out already.
An intriguing feature of tests based on KLS estimates is that they allow to test

validity of instruments by directly testing exclusion restrictions. Since KLS estimates
are identified by some non-orthogonality conditions and not just by classic orthogonality
conditions as in TSLS, each classic identifying restriction associated with an external
instrument (not just the over-identifying ones!) can be tested, either on its own or in
groups. Let yi = β′1xi1 + β′2xi2 + ui, where ρx2u = 0, with the variables in K1 × 1 vector
xi1 possibly endogenous. For method of moments estimation at least K1 external but
valid instruments are required. Let K3× 1 vector xi3 contain K3 ≥ 1 candidate external
instruments. Augmenting the model and estimating yi = β′1xi1 + β′2xi2 + β′3xi3 + u∗i by
KLS over a credible subspace of likely values for ρx1u, and then testing the exclusion
restrictions β3 = 0 on basis of β̂3,KLS(r) may endorse or refute the acceptability of
variables xi3 as valid external instruments.
However, in the applications of the KLS instrument validity test to follow, a peculiar

and confusing phenomenon emerges. We find that, in particular when K1 = K3 = 1,
the p-value of the exclusion restriction test is 1, or very close to 1, for r close to the
TSLS-based estimator of the endogeneity correlation ρ̂1 = n−1x′1ûTSLS/(σ̂1σ̂u,TSLS). At
first sight this seems to suggest that instrument x3 is valid especially for ρ values close
to the value suggested by ρ̂1. However, the latter estimate is based on assuming validity
of the very same instrument which is under test. In Appendix F we demonstrate that
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these high p-values are based on a fallacy. We show that when x3 is a valid instrument
then estimator β̂3,KLS(ρ1), evaluated at the true value ρ1, tends to zero, as it should.
Unfortunately, when x3 is an invalid instrument, then estimator β̂3,KLS(ρ̂1), evaluated
at inconsistent estimator ρ̂1, tends to zero too. Hence, the test lacks power for values r
which are deceivingly instigated by endogeneity estimates obtained by an invalid instru-
ment. Therefore, we better just use the test to indicate values for ρ1 for which the tested
external instruments seem invalid, due to low p-values, rather than claiming validity of
the instruments in an area around ρ̂1, for which p-values will never be small.

5. The accuracy of KLS estimates assessed by simulation

By executing controlled experiments we want to assess whether the actual distribution
of KLS is well approximated by the limiting distribution that we obtained, and whether
it behaves favorably in comparison to IV/TSLS estimates. Only when this is the case it
seems worthwhile to further examine whether KLS based test procedures have reasonable
probability to reject true and false hypotheses on coeffi cient values. For such simulation
analyses we first have to design simple but representative families of DGPs.
In the next subsection we focus on the accuracy of the asymptotic approximation for

the very simple model of Section 3, for the special case where it represents i.i.d. data from
a cross-section, but where the regressor and disturbances are not necessarily normally
distributed. In the second subsection we examine the actual and asymptotic distribution
of the KLS estimator in a dynamic time-series model with additional regressors as in
Section 4, and compare these also with OLS and TSLS, but now all the time sticking to
cases where the variables are normal. All simulation results are based on 106 replications.

5.1. Results for a simple nonnormal cross-section model

We examine the KLS density for simple model (2.1) when the data are i.i.d., choosing
a few different values for κu, κξ and ρxu at a specific finite sample size n. To make all
the densities to be obtained comparable we will choose σu/σx = 1, by taking σu = 1 and
σ2x = 1, which requires σ2ξ = σ2x − λ2σ2u = 1 − ρ2xu. We will focus on the density for the
estimation error β̂KLS − β, which is invariant regarding the actual value of β, which we
will therefore choose to be zero in the DGP. Next to kurtosis, we also want to examine
the effects of skewness of the distributions of ui and ξi. This is achieved by obtaining
drawings ui and ξi not only from the standard normal distribution N (0, 1), but also
from transformed Student(v) and transformed χ2(v) distributions, where v indicates
degrees of freedom. When ηi is Student(v) with v > 4 then standardized drawings
ηi/[v/(v − 2)]1/2, to be indicated by St∗(v), have zero mean, unit variance and kurtosis
3 + 6/(v − 4). Next to this symmetric distribution we will also consider a skew one.
When ψi is χ2(v) distributed then standardized drawings (ψi − v)/(2v)1/2, indicated by
Chi∗(v), have zero mean, unit variance and kurtosis 3 + 12/v, whereas its skewness is
(8/v)1/2. Next to situations where κu = 3 and κξ = 3 we will consider situations where
κu = 9 and/or κξ = 9 by using drawings from St∗(5) or Chi∗(2). The latter has skewness
2.
In Figure 5.1 we examine and compare actual and asymptotic distributions, eval-

uated for n = 100 at ρxu = 0.2 (left-hand panels) and ρxu = 0.4 (right-hand panels).
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Presented are the simulated densities (top-row panels) for the relevant KLS distribution,
and their asymptotic approximations (mid-row panels). The latter are the density of
the N (0, n−1[1 + ρ2xu(κu + κξ − 6)/4]) distributions, see (B.9). The bottom-row panels
present the discrepancies between the cumulative distributions of the simulated distri-
butions and their asymptotic approximations. We note that when both ui and ξi are
normal (black uninterrupted line) the asymptotic approximation is rather accurate for
both ρxu values, as had been established already in Kiviet (2013, 2019) just by compar-
ing tail probabilities. From the present results we also see that when κu+κξ increases up
to 18, the accuracy of the asymptotic approximation to represent the actual distribution
in finite sample gets slightly worse, and nonsymmetry leads to some further reduction of
the accuracy of the asymptotic approximation when n = 100. However, the discrepancies
occur especially close to the central parts of the distribution, and less in the tail areas.
From further calculations (not depicted) for these cases we found that at n = 500 the
symmetric asymptotic approximation is much more satisfactory.
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Figure 5.1 KLS distribution for model (2.1) and (non)normal i.i.d. series ui and ξi
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In Table 5.1 we present some results obtained from the simulation regarding variance,
as well as the κx values for the different cases which follow from (B.10). We note that the
effects of κu on κx are only minor. The variance assessments that we calculated are: (i)
the one (indicated by Asy) according to (3.10) or (B.9) devided by the sample size; (ii)
the one (indicated by Emp) obtained from the variance of the simulated realizations of
β̂KLS(ρxu); and (iii) the one (indicated by M.Est) which is obtained by taking the mean
over all replications of the variance estimates according to (3.11). Hence, the latter is
the only one that uses estimates of the kurtosis parameters. For larger ρxu and postive
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excess kurtosis and skewness we note a slight tendency of underestimation of the true
variance.

Table 5.1 Simulation findings regarding variance in the static model
u ∼ N(0, 1) u ∼ N(0, 1) St∗(5) u ∼ St∗(5) u ∼ Chi∗(2)
ξ ∼ N(0, 1) ξ ∼ St∗(5) ξ ∼ N(0, 1) ξ ∼ St∗(5) ξ ∼ Chi∗(2)

ρxu = 0.2
κx 3.0000 8.5296 3.0096 8.5392 8.5392
Asy 0.0100 0.0106 0.0106 0.0112 0.0112
Emp 0.0103 0.0109 0.0109 0.0116 0.0120
M.Est 0.0103 0.0108 0.0106 0.0111 0.0116

ρxu = 0.4
κx 3.0000 7.2336 3.1536 7.3872 7.3872
Asy 0.0100 0.0124 0.0124 0.0148 0.0148
Emp 0.0103 0.0117 0.0121 0.0137 0.0153
M.Est 0.0103 0.0113 0.0113 0.0124 0.0138

5.2. Results for a simple time-series model under normality

Now we shall examine KLS for a simple stable synthetic dynamic regression relationship
in stationary zero-mean variables, given by

yi = β1xi + β2yi−1 + ui, for i = 1, ..., n, (5.1)

where |β2| < 1 and

ui ∼ i.i.d.(0, σ2u), εi ∼ i.i.d.[0, (1− π2)σ2ξ ],
xi = ξi + λ1ui, ξi = πξi−1 + εi with |π| < 1.

Hence ξi is an AR(1) process with E(ξiξi−l) = π|l|σ2ξ . So, if π 6= 0 the xi series will
be serially correlated, whereas xi is endogenous as well, provided λ1 6= 0. All xi have
variance

σ2x = σ2ξ + λ21σ
2
u.

We shall choose parameter values for this DGP which seem empirically relevant.
Without loss of generality we may choose σ2u = 1. We are especially interested in mod-
erately nonnegative values of β2. By choosing β1 = 1 − β2 the long-run multiplier of y
with respect to x will be kept constant at value unity, irrespective of the speed of the
dynamic adjustment process determined by β2. For π we may choose a value like 0.8,
so that xi mimics a smooth time-series, and for ρ1 values in the interval [−0.5,+0.5]
seem most relevant. Given numerical values for σu, β1, β2, π and ρ1 we can generate
data as soon as we have also chosen a relevant value for σξ. For this we use the fact
that relationships like (5.1) usually have a rather high coeffi cient of determination (low
noise/signal ratio). Therefore, we will impose

1− σ2u/σ2y = R∗, (5.2)

with R∗ equal to, say, 0.9. How this determines σξ is explained in Appendix G.
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That consistent estimates of dynamic models like (5.1) may show substantial bias
in samples of finite size has aroused a rather massive literature. The magnitude of this
bias has been assessed under normality, both by simulation and by analytical methods
(higher-order asymptotic approximations), both for models in which xi is exogenous
and OLS has been examined, see Kiviet and Phillips (2012) and its references, and
for models in which xi is endogenous and TSLS has been examined, see Phillips and
Liu-Evans (2016) and its references. Here our primary aim is simply to investigate the
finite sample density of KLS estimators as obtained from simulation experiments, and
compare these with competitors.

Figure 5.2.1 Simulated densities for n = 50, π = 0.8, R∗ = 0.9, κε = 3, κu = 3
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In Figure 5.2.1 we present densities for the OLS, TSLS and KLS estimators of β1
(left-hand panels) and β2 = 1 − β1 (right-hand panels) for β1 = 0.6 and ρxu = 0.3
(top-row panels) and for β1 = 0.8 and ρxu = 0.1 (bottom-row panels), whereas π = 0.8,
R∗ = 0.9, κε = 3, κu = 3 (in fact εi and ui were drawn from the normal distribution) and
n = 50. By choosing β1 + β2 = 1 (not imposed when estimating) the long-run multiplier
of x with respect to y is unity. All these density estimates are based on 106 simulation
replications. By skipping n initial observations we made sure that the generated series
are stationary indeed. The TSLS estimator is actually a simple IV estimator, where
xi−1 and yi−1 have been used as instruments, so the degree of overidentification is zero,
implying that formally the estimator has no finite moments thus its distribution may be
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fat tailed.
We note that the inconsistent OLS estimator is rather severely biased, especially for

β1, even for the relatively small value ρ1 = 0.3. The consistent TSLS estimator is better
centered around the true value, but it has substantially larger dispersion and it is also
slightly skew for β1. The KLS estimator clearly outperforms both alternatives, showing
no substantial bias nor skewness, and visibly having the smallest mean squared error.
Even for minor endogeneity correlation (ρ1 = 0.1) and much slower dynamic adjustment
(β2 = 0.2) the same patterns show up. We also examined larger samples where n = 250
(not depicted). Then all densities are more peaked, but still show the same distinctive
properties.
Of course, one should keep in mind that the KLS estimator as presented is unfeasible,

because it uses, next to E(yi−1ui) = 0, the true value of ρ1 which is unknown in prac-
tice. Likewise, however, the TSLS estimator is unfeasible, because it exploits the two
moment conditions E(yi−1ui) = E(xi−1ui) = 0, which in practice cannot be vindicated
statistically either. In Figure 5.2.2 we depict for both parameterizations examined in
Figure 5.2.1 the strength of instrument xi−1 by presenting the density of its two-sided
significance test in the first-stage regression. We note that in a nonnegligable number of
replications this instrument turned out to be weak, but on average the relevant F test
statistic has been well above 10 in both cases.

Figure 5.2.2 Simulated densities of F test; n = 50, π = 0.8, R∗ = 0.9, κε = 3, κu = 3
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In cases where validity of these moment conditions seems beyond dispute, one might
(keeping the result proved in Appendix F in mind) attempt to exploit the KLS properties
by substituting for the unknown ρ1 the estimated correlation ρ̂1 between the TSLS
residuals and the endogenous regressor. From simulations for n = 50 we found that the
distribution of such an estimator ρ̂, although consistent and reasonably well centered
around its true value, is very imprecise.
In Figure 5.2.3 we present its simulated density for both parameterizations examined

in the Figure 5.2.1, but we took n = 250 now. From this it seems clear that TSLS
estimates of the degree of endogeneity are not very trustworthy (although we found the
reasonable values 0.294 and 0.091 for their estimated expectation respectively), due to
their wide dispersion, let alone because of their always questionable consistency.
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Figure 5.2.3 Simulated densities of ρ̂xu; n = 250, π = 0.8, R∗ = 0.9, κε = 3, κu = 3
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The few graphs in this section just provide a very superficial impression on the
general properties of KLS. Choosing different parameter values may alter the relative
performance, especially if they imply the use of weaker/stronger instruments. For the
construction of one-sided test statistics, which in both directions have acceptable size
control, it is required that the KLS distribution is almost symmetric and well centered
around its true value and that the actual variance of the KLS estimator is reasonably
well approximated by its asymptotic expression. Verification of that is deferred to future
work.

6. Three empirical illustrative replication studies

Below we will illustrate how the techniques discussed here can be used in practice and
can place earlier obtained results using instrumental variables into a new revealing per-
spective, either positively or negatively. The first is an international-macro application
in which we re-analyze a country cross-section data set from which the causal effect of
international trade on income per capita has been assessed. In this illustration we in-
vestigate also the effect of nonzero excess kurtosis. In the second example we re-analyze
a cross-sectional data set on Vietnamese individuals examining the causal effect of per-
sonal income on risk aversion. Here we consider a specification with one and also one
with two endogenous regressors and compare KLS findings with weak-instrument robust
inference. In the third illustration we re-analyze a time-series data set and pay extra
attention to the fact that this study demonstrates that our formulas also apply to data
that are temporally dependent and to dynamic models. All the time we use a nominal
significance level of 5%.

6.1. Effect of trade on growth

In a much referenced study (over 6000 citations according to Google) by Frankel and
Romer (1999), below referred to as F&R, data for the year 1985 on 150 countries have
been analyzed from which it has been concluded (F&R, Table 3, column 2) that a
1 percent-point raise of the trade share T (defined as the sum of exports and imports
divided by GDP) leads to an increase of about 2% in income per person Y (the coeffi cient
estimate in a regression of lnY on T is 1.97 with standard error 0.99). This is the result
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of a linear IV analysis where trade share is the one and only endogenous regressor
supplemented by an intercept and two exogenous covariates, namely log of population
lnN and of area lnA. The study uses one instrument, called the constructed trade
share T̂ , which has been obtained by regressing trade share on a series of geographic
characteristics. So, actually TSLS has been employed. However, by not providing the
original set of instruments used in the first stage, neither the Sargan test can be re-
established from the provided second stage data in F&R’s Table A1, nor the Anderson-
Rubin confidence set on the coeffi cient of the endogenous regressor can be obtained.
The constructed single instrument T̂ is not weak, but not very strong either, because

the relevant first-stage F test statistic of T̂ (in a regression of T on an intercept, lnA, lnN
and T̂ ) is 13.1, which may explain the relatively large standard error and consequently
large confidence interval (0.03, 3.91) for the parameter of major interest. This interval
has nominal confidence coeffi cient 95% but may in fact be highly unreliable. The OLS
estimate of the coeffi cient of interest is only 0.85 with much smaller standard error
0.25. Of course, both coeffi cient estimates may be severely biased. By a Hausman
test F&R establish that endogeneity of trade share is not significant (its t-value is 1.2),
and therefore the substantial difference between the IV and OLS coeffi cient estimates
is actually not a significant difference. In the end F&R conclude that the IV coeffi cient
estimate being more than twice the size of the OLS estimate is simply due to random
variation, also because they argue at length that they in fact expect that the IV estimate
should be smaller than the OLS estimate, simply due to ρ1 > 0.
Our procedures can put some extra statistical evidence on the table. Making assump-

tions on the value of ρ1 we can verify whether the constructed trade share seems a valid
instrument indeed, by testing whether it has been validly omitted from the specified
relationship. This may either reinforce or oust our trust in the TSLS findings. Espe-
cially in the latter case our direct instrument-free inference on the parameter of interest,
which is not infested with weak or invalid instrument problems, may be of more use here.
From the IV results we obtain an estimate for the degree of endogeneity of -0.25, which
may be very imprecise (as Section 5 indicated), or even inconsistent, if the instrument
is invalid, possibly due to a poorly specified structural equation. So, in line with F&R’s
belief, we better also examine what the consequences would be of more credible values
ρ1 > 0.
From Figure 6.1 we see from its left-hand panel that if ρ1 > 0 it does not seem likely

that the instrument is valid, due to low p-values of the exclusion restriction test. We
also note the high p-value around values for ρ1 close to its IV estimate. This is the phe-
nomenon proved in Appendix F: Accepting an instrument as valid, yields estimates for
the endogeneity correlation which approve the exclusion restriction. Note the circularity
here; this does not provide evidence that ρ1 is negative and neither that T̂ is a valid
instrument.
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Figure 6.1 KLS inference regarding the effect of trade on growth
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From the right-hand panel of Figure 6.1 we see that for any value of ρ1 > −0.25 KLS
yields (much) lower values for the estimated effect of trade-share than IV produces,
and also yields much narrower confidence intervals. Assuming −0.14 ≤ ρ1 ≤ 0.05 we
conclude with a probability exceeding 95% that the effect of trade share is in between 0
and 2, assuming that the model is adequately specified. Under the same proviso, KLS
suggests that if ρ1 > 0.08 then the coeffi cient of ln(T ) is smaller than 1.

Table 6.1 Skewness and kurtosis of some F&R variables
lnY T lnN lnA T̂ IV-resid.

skewness -0.19 1.64 -0.66 -0.11 5.14 -0.25
kurtosis 2.00 7.90 3.15 2.99 43.36 2.56

Table 6.1 presents estimates of skewness and kurtosis of the relevant variables. Note
the extremely large kurtosis of the external instrument T̂ . So, in the KLS exclusion
restriction test we used 43.36 for the maximized value of κx, and 7.9 for the KLS inference
on the effect of trade share. We have also constructed the graphs of Figure 6.1 after
partialling out the variables lnN and lnA, and again by simply taking κx = 3, but this
has hardly a visible effect, so we do not present these here.
From the above we conclude that it seems that the employed structural equation has

been rather poorly specified. Therefore it seems most likely that the regressors lnN and
lnA are correlated with the disturbance term too. Rather than taking that into account
with our methods, we think that attempts should be undertaken first to formulate a
better explanatory model of income in terms of trade share and further controls not
available in the present data set.

6.2. Risk preferences in Vietnam

Tanaka, Camerer and Nguyen (2010) analyze cross-section data obtained by combining
living standard survey data on individuals collected in 2002 with additional experiment-
based direct measurements on risk and time preferences of the very same individuals
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living in nine particular communities. In their Section II the authors (below indicated
as TCN) estimate relationships for two different dimensions of risk aversion. Below
we will just focus on the results for the dependent variable "concavity of the value
function" (σ in the TCN notation), for which they examined two different specifications.
In addition to a range of exogenous demographic control variables, they include as
endogenous regressor(s) either just household income, or both relative income and mean
income within the community. These two relationships are estimated by TSLS employing
two external instrumental variables: rainfall and the dummy variable household head’s
ability to work. Hence, in one equation the degree of over-identification is one, and in
the other it is zero. Although TCN use two variants of tests to verify the significance
of the endogeneity of the income variables, no test of over-identification restrictions has
been employed.
With respect to the validity of the two external instruments they just state that

these are: "... unlikely to be correlated with preferences, as instrumental variables for
income". This, however, is a most confusing remark, originating in the fact that TCN
wrongly use the word correlation for equation coeffi cient (see also the caption of their
Table 4). A relevant instrument should be (preferably substantially) correlated with
the endogenous regressors, and will therefore (assuming the endogenous regressor has
nonzero coeffi cient) also be correlated with the dependent variable. However, to be a
valid instrument, it should be correctly excluded from the structural equation for the
dependent variable and thus have coeffi cient zero in this equation. Therefore, its impact
on the dependent variable should be solely indirect, via the endogenous regressor. Cor-
rect exclusion seems perhaps self-evident for rainfall, but is much less straight-forward
regarding the dummy instrument (ability to work), because one’s preferences regarding
risk taking may certainly be structurally affected in case of permanent disability. In
their footnote 8 TCN remark that they "... tested several instrumental variables ...".
However, here they refer to F -tests in (reduced form) first-stage regressions, so testing
the relevance (strength or weakness) of the instruments, but not their validity.
Let us now turn to the empirical findings obtained from the sample of 181 obser-

vations. Presupposing validity of the instruments and adequacy of the two specified
equations, as TCN persistently do, the tests on endogeneity of the income variables
reject consistency of the OLS results. TCN assume that the endogeneity is due to recip-
rocal causality. Given our findings in Appendix A this would imply the endogeneity
correlations to be positive, unless γ0β1 > 1. In fact, for the equation with just one
endogenous regressor the estimated correlation of the endogeneity is -0.52. Of course,
apart from their substantial standard errors, these correlation estimates will only be
consistent if the instruments are valid indeed.
TCN apply TSLS (see their Table 5) and find for the model with one endogenous

regressor (K1 = 1) for the coeffi cient of income 0.010 (standard error 0.006). Using their
data set we find that the Sargan test for the overidentification restriction has p-value
0.79, whereas testing the joint strength of the instruments yields F -value 5.96, so on
basis of these usual diagnostics the instruments seem valid (implicitly supposing that
one instrument is valid anyhow) but seriously weak.
Figure 6.2.1 presents KLS results for the relationship with K1 = 1. The top-left

panel (for the three curves KLS is defined for r1 in absolute value smaller than 0.92,
0.94 and 0.92 respectively) shows that especially the "rainfall" dummy instrument has
low p-values for ρ1 > −0.2 and the joint exclusion of the two instruments finds certainly
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no support for positive ρ1. Observing the peaks of the three p-value curves, it will not
surprise that the TSLS based estimators for ρ1 obtained when just using the instrument
"rainfall" is −0.55, when just using the instrument "head unable to work" it is −0.42,
and when using both instruments it is −0.52. Although the endogenous regressor has an
estimated kurtosis of 31.7 this high value has little effect on the results in Figure 6.2.1.
Substituting (incorrectly) κx = 3 in the variance formula was again found to have just
minor effects.

Figure 6.2.1 KLS and (robust) TSLS inference for the model with K1 = 1

0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8
r1 (postulated edogeneity correlation)

0

10

20

30

40

50

60

70

80

90

100

P
v

al
ue

 in
 %

Exclusion tests on external instruments

rainfall
head unable to w ork
both jointly

0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8
r1 (postulated edogeneity correlation)

0.08

0.06

0.04

0.02

0

0.02

0.04

0.06

C
oe

ffi
ci

en
t I

nc
om

e

KLS and standard/robust TSLS Conf.Intervals for Income effect

KLS estimate
KLS bounds
TSLS estimate
TSLS bounds
TSLS robust bounds

0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8
r1 (postulated edogeneity correlation)

0.5

0.4

0.3

0.2

0.1

0

0.1

0.2

0.3

0.4

C
oe

ffi
ci

en
t G

en
de

r

KLS and standard/robust TSLS Conf.Intervals for Gender effect

KLS estimate
KLS bounds
TSLS estimate
TSLS bounds
TSLS robustC bounds
TSLS robustU bounds

0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8
r1 (postulated edogeneity correlation)

0.1

0.05

0

0.05

C
oe

ffi
ci

en
t E

du
ca

tio
n

KLS and standard/robust TSLS Conf.Intervals for Education effect

KLS estimate
KLS bounds
TSLS estimate
TSLS bounds
TSLS robustC bounds
TSLS robustU bounds

The other panels (defined for |r1| ≤ 0.95) produce (asymptotic) 95% confidence
intervals for the endogenous regressor Income, and for the exogenous regressors Gender
and Education. Next to KLS and standard TSLS intervals they also present the weak-
instrument robust intervals constructed by Guggenberger, Kleibergen and Mavroeidis
(2019). From the KLS findings on Income we may conclude that its effect is positive
provided ρ1 < −0.2. And, assuming that ρ1 > −0.6, one can also conclude that the
Income coeffi cient value does not exceed 0.02. For this coeffi cient, the robust —and thus
much more trustworthy interval than the standard one—highlights that weak-instrument
robust TSLS inference is actually not very effi cient in comparison to KLS. For the
coeffi cients of exogenous regressors this difference in width of the confidence intervals is
less spectacular.
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Figure 6.2.2 KLS inference for the model with K1 = 2 (κ = 3)

For the model with two endogenous regressors we find that the correlation estimates
of the endogeneity of relative and mean income are -0.16 and -0.18 respectively. Figure
6.2.2 presents 2D contour plots of p-values for four different KLS-based tests over all fea-
sible postulated values (r1, r2) for (ρ1, ρ2). Its North-West panel shows that for moderate
absolute values of both endogeneity correlations the joint validity of the two instruments
has to be rejected. From the North-East and South-West panels we see that it is again
the "head unable to work" instrument which is to blame for this. Therefore, producing
further TSLS inference on the coeffi cients of this relationship seems in vain. Assuming
validity of both instruments, TCN and Guggenberger et al conclude that the coeffi cient
of relative income is insignificant, whereas that of mean income is —or is close to—sig-
nificantly positive. Not using any external instruments, the South-East panel of Figure
6.2.2 presents the p-values (all larger than 0.9) for a KLS-based one-sided t-test. This
shows that the hypothesis of a zero coeffi cient for mean income should not be rejected
in favor of a positive value, irrespective of the values of the endogeneity correlations.

6.3. Demand at the Fulton fish market

To illustrate our procedures when applied to time-series observations, we focus on some
studies that examined the market for whiting based on 111 consecutive trading days at
the Fulton fish market. These data originate from Graddy (1995). Angrist, Graddy and
Imbens (2000) produce in one of the columns of their Table 4 just-identified TSLS results
for a base-line static linear in logs demand equation. These TSLS results represent
the preferred specification in Graddy (2006, Table 4, column 2) and in Graddy and
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Kennedy (2006, Table 2, column 2). The latter study argues that supply is not just
determined by the previous night’s catch, but also by inventory changes, so that at
this market quantity traded and its price are simultaneously determined indeed. Using
this fish market example, Imbens (2014) provides a thorough explanation to convince
especially statisticians that endogeneity of explanatory variables is often a reality in
observational studies, despite the confusing fact that simultaneous equations cannot
directly be simulated on a computer, without generating endogenous variables by their
reduced form equations, or possibly (in case of the fish market) by integrating all relevant
aspects of each individual transaction during the day.
In the static demand equation examined in the just mentioned studies the regressand

is logQ (quantity) and we expect endogenous regressor logP (price) to be positively
correlated with the error term. In line with that OLS yields a larger (less negative)
price coeffi cient estimate than IV. This equation also includes day of the week dummies
and two variables "cold" and "rainy", characterizing the weather on shore. It is just-
identified, because weather variable at sea "stormy" is supposed to be a determinant of
supply, but not of demand.
Further calculations reveal the following about the static specification. It yields

ρ̂1 = 0.34, and for 0.18 ≤ ρ1 ≤ 0.48 the exclusion restriction test has a p-value exceeding
0.5, as can be seen from the left panel of Figure 6.3.1. So, for moderately positive
values of ρ1, the application of IV finds support. However, the first-stage F test for the
external instrument is 5.85, so it is pretty weak. Therefore, we expect the IV estimate
of the price elasticity of demand to be biased in the direction of OLS, which would
imply that the true value might be closer to -2 than to the obtained -1.22. However,
KLS inference, which is not plagued by weak instrument problems and finite sample
inaccuracies, indicates that the elasticity seems between -0.2 and -1.7, provided this
static specification of the demand equation is appropriate and 0 ≤ ρ1 ≤ 0.4.

Figure 6.3.1 KLS inference for the static demand equation
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None of the studies presenting the investigated specification report any checks on
its adequacy, apparently bedazzled by the ostensible correct signs of the coeffi cients
despite their substantial standard errors. However, a test for 1-st order serial correlation
produces a p-value of 0.00. This finding disqualifies all substantive inferences regarding
this statistic specification.
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Hendry and Nielsen (2006) analyze the same Fulton fish market data, adhering to a
methodology which aims to fully respect the temporal-dependence in the observed vari-
ables. First they find single descriptive "congruent" time-series models for both logQt

and logPt, and next they combine these in a VAR (vector autoregressive) model of or-
der 1, which also includes two weather dummy variables, namely the earlier "stormy"
and another called "mixed" (also used in further investigations by Angrist et al, 2000),
together with a dummy "hol" which is unity at three particular dates close to holidays.
This VAR specification passes an extensive mis-specification analysis. Next, using de-
composition methods to the joint log-likelihood, these initial descriptive exercises inspire
to formulate dynamic structural simultaneous equations for supply and demand. For the
over-identified demand equation their maximum likelihood estimates are almost similar
to the corresponding single equation TSLS estimates (see their Tables 15.5 and 15.9)

logQt = 8.52− 2.19 logPt + 1.83 logPt−1 − 1.89holt. (6.1)

(0.07) (0.59) (0.47) (0.36)

Here "stormy" and "mixed" are used as external instruments. The Sargan test for the
single over-identification restriction has p-value 0.60, and a test for 1st order serial corre-
lation has p-value 0.71. The joint first stage F statistic of the two external instruments
is 9.45, so although not strong, they are not very seriously weak either.
Application of KLS yields the following. The left-hand panel of Figure 6.3.2 supports

the validity assumption regarding both instruments, assuming ρ1 > 0 (the ρ̂1 estimates
are 0.28, -0.31 and 0.24 for using stormy, mixed or both respectively as instruments). The
right-hand panel produces (as we saw before) for moderate r1 values narrower confidence
bands for the coeffi cient of the endogenous regressor (logPt), but not as dramatically as
for cases where instruments are really weak.

Figure 6.3.2 KLS inference for over-identified dynamic specification (6.1)
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This dynamic specification of demand implies a price elasticity which reacts immedi-
ately very strongly to price changes, but with a huge correction to that the next trading
day. So, the long-run elasticity (which is attained already after one period) has TSLS es-
timate of only -0.36. By reformulating the model we can easily obtain its TSLS standard
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error, giving

logQt = 8.52− 2.19∆ logPt − 0.36 logPt−1 − 1.89holt. (6.2)

(0.07) (0.59) (0.21) (0.36)

So, the elasticity seems much smaller in absolute value than inferred before, and it
does not even seem significantly negative. Figure 6.3.3 presents KLS inference on the
coeffi cients of the predetermined regressors logPt−1 and holt. Note that the KLS results
imply a significantly negative long-run demand elasticity provided ρ1 > 0.3.

Figure 6.3.3 Further KLS inference regarding over-identified specification (6.2)
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However, all the above inferences on the demand for whiting seem rash, because a
TSLS-based Chow breakpoint test half-way the sample applied to model (6.2) yields a
p-value of 0.00!

7. Conclusion

Since the 1950’s TSLS estimation has been the prominent workhorse in empirical econo-
metrics for causal analysis of single linear relationships involving endogenous regressors.
It is based on assuming uncorrelatedness between the error terms of the model and at
least as many variables, not occurring in the model equation and therefore called ex-
ternal instruments, as there are endogenous explanatory variables in the model. The
latter are or seem correlated with the error term for some reason or another. If there are
K1 > 0 endogenous regressors in the model, then, assuming that a subset of L2 ≥ K1 of
the instruments is valid (uncorrelated with the errors indeed), the validity of any further
candidate instruments can be tested by including them as (non-endogenous) regressor
into the model, applying TSLS, and testing whether their exclusion seems statistically
acceptable. Thus, for K1 instruments, testing their validity by TSLS is impossible,
whereas their validity is a necessary requirement for testing the validity of any further
candidate instruments. This is of course a very sad state of affairs.
In addition, for several decades it is widely known now, that when instruments are

weak, meaning that when using them to fit the endogenous regressors this fit is actually
rather poor, this has three serious consequences, namely: (a) the TSLS estimators are
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seriously biased, even in large samples; (b) their variance will be large; (c) moreover,
the usual estimate of their variance is much too optimistic. Only for the last mentioned
problem the so-called weak-instrument asymptotic approaches have provided a cure. So,
when instruments are weak, weak-instrument robust TSLS inference still suffers from
bias and large variance, and often faces hard to refute criticism due to the untested
proviso that all instruments are valid. Hence, a fundamentally different approach, based
on out of the box thinking, seems to be called for.
To explain the variation in the dependent variable, TSLS uses just the variation in

the regressors which can be expressed in terms of the available candidate instruments, in
an attempt to get rid of the variation in the regressors which is correlated with the error
term. Of course, this does not establish all variation in the regressors that is uncorrelated
with the errors when the instruments are weak, and it completely falls through if some
instruments are invalid (correlated with the disturbances themselves). Therefore, the
KLS technique, further developed in the present study, avoids using instruments. It
aims to decompose the variation in the regressors directly into two components, one
uncorrelated with the errors and the other proportional to the errors. The latter, not
the former, causes all the trouble due to endogeneity of regressors, so there the focus
should be. A consistent assessment of the component of the regressors that is infected by
the error term is used to correct the inconsistent OLS estimator. This is only possible by
making the far-fetched assumption that the investigator knows the degree of endogeneity
of all regressors. Although this may be the case for some obviously predetermined or
exogenous regressors, where it is zero, usually this is not the case for all explanatories.
However, by varying the numerical assumptions regarding endogeneity over intervals
thought reasonable, it is nevertheless possible to generate KLS inference that is not
suffering from the problems faced by TSLS. Since KLS does not use instruments, their
validity and strength are not an issue.
KLS estimators prove to be virtually unbiased in cross-section samples, and their

finite sample bias in dynamic models seems primarily due just to presence of any prede-
termined regressors, whereas their variance estimates and the speed of their convergence
towards normality are such that inference can claim high levels of accuracy. Therefore,
the historical overview by Epstein (1989), which preceded the weak-instrument era, en-
titled "The fall of OLS in structural estimation", may soon be followed up by a new
gospel: "The resurrection of OLS in structural estimation". After all, KLS is only a
bias-corrected OLS estimator. However, since this bias is actually an inconsistency, the
correction has non-trivial consequences for the asymptotic variance.
It is striking how little attention users of the TSLS technique have mostly given to the

degree of endogeneity of the regressors in their models. When testing the significance
of endogeneity of regressors usually two-sided test statistics are being used, because
interest has always just been on absence or presence of endogenous regressors. From the
illustrations in this paper it is clear that the authors of some of the articles that we used
for replication studies should have concluded from their estimates of ρxu, or from the
sign of the difference between TSLS and OLS estimates, that their empirical findings in
fact refute the theories and assumptions that they initially had embraced. If they had
only noticed these incompatibilities, they should have felt a need to reformulate their
assumptions, theories or specifications. Moreover, although the asymptotic distribution
of TSLS is invariant regarding ρxu, its finite sample distribution is certainly not. So,
the focus on ρxu, which is at the heart of KLS, should also inspire users of TSLS to pay
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more attention to it.
As in Andrews, Stock and Sun (2019), who urge that weak instrument robust meth-

ods should be robustified regarding heteroskedasticity as well, likewise the instrument-
free procedures presented here, which at present still presuppose homoskedasticity, should
ideally be robustified regarding heteroskedasticity too. We do not suppose that a robus-
tification with respect to serial correlation is called for as well, because any predeter-
mined regressors in an econometric time-series model would become endogenous under
general forms of serial correlation. Suggesting reasonable intervals for their endogeneity
coeffi cients would require knowledge which usually does not seem to be available.
Anyhow, KLS should in the end preferably be applied to models which are so com-

plete, that serial correlation has been avoided. Moreover, the data of these models should
have been weighted such that serious heteroskedasticity has been averted too. To get to
that stage, where error terms may be assumed to be i.i.d., KLS-based omitted variables
tests should be applied in a structured specification search. Development is in progress
of special implementations of these, to test for coeffi cient constancy, adequacy of the
functional form (RESET), serial correlation and heteroskedasticity, all without using
instruments while achieving a chosen degree of robustness with respect to endogeneity.
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Appendices

A. Expressions for the endogeneity correlation

We consider the three basic situations that give rise to endogeneity of regressors one
by one and derive the associated expressions for the endogeneity correlation. Next we
consider the implied decompositions (2.3) of endogenous regressors.
In case (a), simultaneity (or reciprocal causality) with respect to just one regressor

x1i, the equation of primary interest is

yi = β1x1i + x
(2)′
i β(2) + ui. (A.1)

Here x(2)i contains an arbitrary number of exogenous regressors. Regressor x1i is endoge-
nous because (A.1) is assumed to be part of a larger system. Another relationship from
this system may be given by, say,

x1i = γ0yi + x
(3)′
i γ(3) + vi, (A.2)

where vectors x(2)i and x(3)i may have some elements in common. The disturbances ui
and vi could be uncorrelated, but possibly vi = ψui + v∗i with E(v∗i | ui) = 0 and ψ 6= 0.
Substituting (A.1) into (A.2) yields

x1i = (1− γ0β1)−1(γ0x(2)′i β(2) + x
(3)′
i γ(3) + γ0ui + vi). (A.3)

This shows that regressor x1i is endogenous in (A.1), because generally E(x1iui) 6= 0.

Focussing on the simple case where x(3)i is exogenous with respect to ui too, one finds
E(x1iui) = (1− γ0β1)−1(γ0 + ψ)E(u2i ). This is zero only when ψ = −γ0. Often it can be
argued that 1 − γ0β1 > 0, because β1 and γ0 may have opposite signs. Then the sign
of the endogeneity correlation of x1 is similar to that of γ0 + ψ, which may often be
dominated by the sign of γ0.
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In case (b), errors in explanatories, the situation may be as follows. Let the true
data generating process (DGP) be represented by

yi = β1x
∗
i + x

(2)′
i β(2) + εi, (A.4)

where none of the regressors is endogenous, because E(x∗i εi) = 0 and E(x
(2)
i εi) = 0.

However, estimating this equation is unfeasible, because scalar variable x∗i has only been
observed with (measurement) errors. We consider the very simple case where one has
observed the proxy x1i for x∗i , where

x1i = x∗i + ηi, (A.5)

for which we assume E(ηi | x∗i ) = 0 and E(εi | ηi) = 0. Substitution yields the feasible
regression model

yi = β1x1i + x
(2)′
i β(2) + ui, (A.6)

with disturbance ui = εi − β1ηi. Since E(x1iui) = −β1E(η2i ) 6= 0 regressor x1i is en-
dogenous in (A.6), unless β1 = 0 or x1i ≡ x∗i for all i. Here the sign of the endogeneity
correlation is opposite that of β1.
In case (c), a wrongly omitted explanatory, say wi, it is assumed that the DGP is

given by
yi = x′iβ + γwi + εi, (A.7)

with E(xiεi) = 0 and E(wiεi) = 0, but that single regressor wi is not available, or has
not been included in the regression for other reasons. So one uses the underspecified
model

yi = x′iβ∗ + ui (A.8)

in an attempt to estimate vector β. Let us assume, in line with all the other linearity
assumptions made here, that

E(wi | xi) = x′iφ. (A.9)

Hence,
wi = x′iφ+ νi, (A.10)

with E(νi | xi) = 0, thus E(νi) = 0 and E(xiνi) = E[E(xiνi | xi)] = 0. Substituting
(A.10) into (A.7) yields

yi = x′i(β + γφ) + ui, with ui = γνi + εi.

So, in terms of (A.8) this suggests β∗ = β+γφ, where E(xiui) = γE(xiνi)+E(xiεi) = 0.
Hence, regressors xi turn out to be not endogenous in (A.8) for estimating β∗ = β + γφ.
However, forcing for (A.8) the interpretation β∗ = β results in yi = x′iβ + ui with

ui = γwi + εi, giving E(xiui) = γE(xiwi) = γΣxxφ. This is equal to a zero vector if
γ = 0 (then regressor wi is not wrongly omitted but redundant) or if φ = 0 (implying
orthogonality of regressors xi and wi). If both γ 6= 0 (wi is wrongly omitted) and
φ 6= 0 (some regressors are correlated), then wi is called a confounder, and all included
regressors will then in principle be endogenous.
We shall now examine under what special circumstances just the first element xi1

of x′i = (xi1, x
(2)′
i ) will be endogenous, due to omission of regressor wi. Writing E(xi1 |

x
(2)
i ) = x

(2)′
i θ, so that xi1 = x

(2)′
i θ + ηi with E(x

(2)
i ηi) = 0, it follows that when θ = 0
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matrix Σxx is block-diagonal. If γ 6= 0, θ = 0 and just φ1, the first element of φ, is
nozero, then only the first element of E(xiui) = γΣxxφ will be nonzero. So, in the
rare event that the K − 1 regressors x(2)i are all uncorrelated with both xi1 and wi then
only xi1 will be endogenous while β∗ = β. However, the situation that just regressor
xi1 will become endogenous occurs too for arbitrary θ, if just φ1 is nonzero and one is
also prepared to allow that only the first elements of β∗ and β are equivalent. Then
γwi = γ(xi1φ1 + νi) = γ[(x

(2)′
i θ + ηi)φ1 + νi)], so that (A.7) can be rewritten as

yi = xi1β1 + x
(2)′
i (β(2) + γφ1θ) + ui, with ui = γφ1ηi + γν1 + εi.

Now E(xi1ui) = γφ1E(xi1ηi) and E(x
(2)
i ui) = 0. Here E(xi1ηi) = E(η2i ) is in fact the

variance of variable xi1 after x
(2)
i has been partialled out. The sign of ρ1 conforms to

that of γφ1.
Summarizing now, for the three cases (indexed below by l = a, b, c) where just the

first regressor xi1 of model (2.1) is endogenous, we find expressions for the decomposition
of xi1 and its endogeneity correlation ρ1 given by

xi1 = ξ
(l)
i1 + λ

(l)
1 ui, where λ

(l)
1 = ρ

(l)
1 |σ1/σu| , and (A.11)

ρ
(a)
1 = (1− γ0β1)−1(γ0 + ψ)/ |σ1σu| , ρ(b)1 = −β1/ |σ1σu| , ρ(c)1 = γφ1E(η2i )/ |σ1σu| .

In the majority of practical cases (see Young, 2020) investigators estimate models with
just one endogenous regressor. Even then the endogeneity may be due to a combination
of the three basic situations sketched above, so that it will not be self-evident what the
sign and actual magnitude of the endogeneity may be. Things get even more complex
when more than one regressor is affected by reciprocal causality or measurement errors
and when in case of wrongly omitted regressors one wants a consistent estimator for
more than one element of the vector β. Nevertheless, as we will demonstrate in our
illustrations, many applied studies could benefit tremendously by paying more attention
to the effects on inference of different values for some of the elements of vector ρxu.

B. KLS asymptotic variance in the simple model

To find an asymptotic approximation to the distribution of β̂KLS(ρxu) of (3.9) we consider
n1/2[β̂KLS(ρxu)− β]. Using (3.5) we obtain

n1/2[β̂KLS(ρxu)− β] = n1/2[n−1Σxiui/n
−1Σx2i − ρxuσ̂u(ρxu)/σ̂x]

= σ̂−2x n1/2[n−1Σxiui − ρxuσ̂xσ̂u(ρxu)]. (B.1)

To find its limiting distribution, we first have to derive the limiting distribution of
n1/2[n−1Σxiui−ρxuσ̂xσ̂u(ρxu)]. This is just determined by its largest components. These
are Op(1), which expresses that they have a finite distribution. We may remove all
smaller contributions, which are op(1). We proceed as follows.
Because

n−1Σxiui = σxu + (n−1Σxiui − σxu), (B.2)

where n−1Σxiui − σxu has expectation zero and variance n−2ΣV ar(xiui) = O(n−1), we
find n−1Σxiui − σxu = Op(n

−1/2), whereas σxu = O(1). Similarly

σ̂2x = n−1Σx2i = σ2x + (n−1Σx2i − σ2x) (B.3)
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with n−1Σx2i − σ2x = Op(n
−1/2). This yields the expansion

σ̂x = (n−1Σx2i )
1/2 = σx + 2−1σ−1x (n−1Σx2i − σ2x) + op(n

−1/2), (B.4)

which is easily verified by squaring both sides. Moreover,

σ̂−2x = (n−1Σx2i )
−1 = σ−2x − σ−4x (n−1Σx2i − σ2x) + op(n

−1/2). (B.5)

Its validity can be checked by multiplying by the decomposition (B.3) of σ̂2x. Using (B.2)
and (B.5) we find for (3.8)

σ̂2u(ρxu) = (1− ρ2xu)−1n−1Σû2i
= (1− ρ2xu)−1[n−1Σu2i − (n−1Σxiui)

2/n−1Σx2i ]

= (1− ρ2xu)−1(n−1Σu2i − σ2u) + (1− ρ2xu)−1σ2u − (1− ρ2xu)−1

× [σ2xu + 2σxu(n
−1Σxiui − σxu)][σ−2x − σ−4x (n−1Σx2i − σ2x)] + op(n

−1/2)

= σ2u + (1− ρ2xu)−1[(n−1Σu2i − σ2u)− 2ρxuσuσ
−1
x (n−1Σxiui − σxu)

+ ρ2xuσ
2
uσ
−2
x (n−1Σx2i − σ2x)] + op(n

−1/2).

This yields

σ̂u(ρxu) = σu + 0.5(1− ρ2xu)−1[σ−1u (n−1Σu2i − σ2u)− 2ρxuσ
−1
x (n−1Σxiui − σxu)

+ ρ2xuσuσ
−2
x (n−1Σx2i − σ2x)] + op(n

−1/2). (B.6)

Now we can establish from the factor in square brackets of (B.1) its leading Op(n
−1/2)

terms, since

n−1Σxiui − ρxuσ̂u(ρxu)σ̂x
= (n−1Σxiui − σxu)− 0.5ρxuσuσ

−1
x (n−1Σx2i − σ2x)

− 0.5(1− ρ2xu)−1ρxuσx[σ−1u (n−1Σu2i − σ2u)− 2ρxuσ
−1
x (n−1Σxiui − σxu)

+ ρ2xuσuσ
−2
x (n−1Σx2i − σ2x)] + op(n

−1/2)

= −0.5ρxu(1− ρ2xu)−1[σ−1u σx(n
−1Σu2i − σ2u) + σuσ

−1
x (n−1Σx2i − σ2x)]

+ (1− ρ2xu)−1(n−1Σxiui − σxu) + op(n
−1/2).

Substituting xi = ξi + ρxuσ
−1
u σxui, this yields

n1/2[n−1Σxiui − ρxuσ̂u(ρxu)σ̂x] = 0.5ρxuσxσ
−1
u n1/2(n−1Σu2i − σ2u) + n1/2(n−1Σξiui)

− 0.5ρxu(1− ρ2xu)−1σuσ−1x n1/2(n−1Σξ2i − σ2ξ )
+ op(1). (B.7)

Its three leading terms establish a rescaled sample average of zero mean random elements,
to which a central limit theorem applies yielding its limiting normal distribution.
To obtain the variance of this limiting distribution we have to derive the variance of

the sum of these three leading terms. To find this we use that for i = 1, ..., n

V ar(u2i − σ2u) = (κu − 1)σ4u, V ar(ξiui) = σ2ξσ
2
u, V ar(ξ

2
i − σ2ξ ) = (κξ − 1)σ4ξ ,
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upon denoting E(u4i ) = κuσ
4
u, E(ξ4i ) = κξσ

4
ξ and E(x4i ) = κxσ

4
x. We also use that

for w1i = u2i − σ2u, w2i = ξiui and w3i = ξ2i − σ2ξ , we have, for j 6= k = 1, 2, 3 and
i 6= t = 1, ..., n, that

E(wjiwki) = 0, E(wjiwjt) = 0 and E(wjiwkt) = 0,

because, for instance, E[(u2i − σ2u)ξiui] = E(u3i ξi) = E[E(u3i ξi | ui)] = E[u3iE(ξi | ui)] =
E(0) = 0, and, taking i > t, E[(u2i − σ2u)(u2t − σ2u)] = E{E[(u2i − σ2u)(u2t − σ2u) | ut]} =
E{(u2t − σ2u)E[(u2i − σ2u) | ut]} = 0. Similar zero covariances are found for all further
cross-terms.
So, we find for the variance of the sum of the three Op(1) terms of (B.7)

0.25ρ2xuσ
2
xσ
−2
u (κu − 1)σ4u + σ2ξσ

2
u + 0.25ρ2xu(1− ρ2xu)−2σ2uσ−2x (κξ − 1)σ4ξ

= σ2u[1 + ρ2xu(κξ + κu − 6)/4]σ2x. (B.8)

Respecting (B.1) this has to be multiplied by the square of plim σ̂2x in order to obtain
the KLS limiting variance, giving

n1/2[β̂KLS(ρxu)− β]
d→ N{0, [1 + ρ2xu(κξ + κu − 6)/4]σ2u/σ

2
x}. (B.9)

Since

E(x4i ) = E(ξ4i + 4λξ3i ui + 6λ2ξ2i u
2
i + 4λ3ξiu

3
i + λ4u4i )

= [κξ(1− ρ2xu)2 + 6ρ2xu(1− ρ2xu) + ρ4xuκu]σ
4
x = κxσ

4
x (B.10)

we find
κξ = [κx − 6ρ2xu(1− ρ2xu)− ρ4xuκu]/(1− ρ2xu)2, (B.11)

so we can express (B.9) equivalently as

n1/2[β̂KLS(ρxu)− β]→ N
(

0,
4 + (κu + κx − 14)ρ2xu − 2(κu − 5)ρ4xu

4(1− ρ2xu)2
σ2u
σ2x

)
, (B.12)

which avoids using the kurtosis of the latent variable ξi.
For κξ = κu = 3, implying κx = 3, which covers the case that (xi ui)

′ is multivariate
normal, this result specializes to N (0, σ2u/σ

2
x) earlier presented as Theorem 4.1 in Kiviet

(2013, p.S44), and as formula (2.11) in Kiviet (2016, p.194)3 and also as Corollary 1.2
in Kiviet (2019). These earlier results, however, had been derived just for i.i.d. cross-
section observations. The derivation above shows that it is also valid for dependent data.
Moreover, the results in this study indicate how the limiting variance of KLS changes
for data with excess kurtosis.

C. Some auxiliary results

We prove here, all the time invoking a standard version of the central limit theorem, that
the results (A.1) through (A.7) of Kiviet (2019) still hold under possible time dependence
of the regressors.

3In the derivations leading to this result there are two awkward typos in the result just above formula
(2.7). This should read: V ar(σ−2x ωxε − σxεσ−4x ωxx) = n−1[1 + (κx + κε − 7)ρ2xε − 2(κε − 3)ρ4xε]σ2εσ−2x .
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The assumptions on u2i did not change, so we still have

n1/2(u′u/n− σ2u) = n−1/2Σn
i=1(u

2
i − σ2u)

d→ N [0, (κu − 1)σ4u], (C.1)

because V ar(u2i − σ2u) = E(u4i )− σ4u = (κu − 1)σ4u. So, u
′u/n− σ2u = Op(n

−1/2).
That we still have

n1/2(X ′u/n− σxu) = n−1/2Σn
i=1(xiui − σxu)

d→ N [0, σ2uΣxx + (κu − 2)σxuσ
′
xu], (C.2)

giving X ′u/n − σxu = Op(n
−1/2), is again found by decomposing xi into xi = ξi +

σxuσ
−2
u ui, where E(ui | ξi) = 0 and E(u2i | ξi) = σ2u. Of course, E(ξi) = 0 and E(ξiui) =

0, so E(xiui) = σxu indeed. Since Σxx = V ar(ξi) + σ−2u σxuσ
′
xu, result (C.2) follows

from V ar(xiui − σxu) = E(u2ixix
′
i) − σxuσ′xu = E(u2i ξiξ

′
i) + σxuσ

′
xuσ

−4
u E(u4i ) − σxuσ′xu =

σ2uV ar(ξi) + (κu − 1)σxuσ
′
xu = σ2uΣxx + (κu − 2)σxuσ

′
xu, whereas under the adopted time

dependence for t < i we still have E[(xiui− σxu)(xtut− σxu)′] = E(uiutxix
′
t)− σxuσ′xu =

E(uiutξiξ
′
t) + σ−4u E(u2iu

2
t )σxuσ

′
xu − σxuσ′xu = EE(uiutξiξ

′
t | ut, ξt) = 0.

For j, k = 1, ..., K we have

n1/2(X ′X/n− Σxx)j,k = n−1/2Σn
i=1(xijxik − σjk)

d→ N [0, σ2jσ
2
k + (κx − 2)σ2jk]. (C.3)

This is proved by decomposing xik = axij + ηij, where E(ηij | xij) = 0 and E(η2ij |
xij) = σ2ηj , thus ηij has zero mean and unconditional variance σ

2
ηj
. Because E(x2ik) =

σ2k = a2σ2j + σ2ηj and E(xikxij) = σkj = aσ2j we have a = σkjσ
−2
j and σ2ηj = σ2k − σ2kjσ−2j .

Now we obtain E(x2ijx
2
ik) = E[x2ij(a

2x2ij + 2axijηij + η2ij)] = κxσ
2
jk + σ2j (σ

2
k − σ2kjσ−2j ) =

σ2jσ
2
k+(κx−1)σ2jk, thus V ar(xijxik−σjk) = σ2jσ

2
k+(κx−2)σ2jk, from which (C.3) follows,

because E[(xijxik − σjk)(xtjxtk − σjk)] = 0 for i 6= t. So, n−1X ′X − Σxx = Op(n
−1/2).

A result involving the Hadamard (element by element) matrix product (denoted ◦)
to be exploited later is

n1/2(S2x − Σ2
x)ρxu

d→ N [0, (κx − 1)R(Σxx ◦ Σxx)R], (C.4)

where R = diag(ρ1, ..., ρK). For S2x, we have n
1/2(S2x − Σ2

x)ρxu = n−1/2Σn
i=1vi with v

′
i =

((x2i1 − σ21)ρ1, ..., (x
2
iK − σ2K)ρK)′. Using the expression for E(x2ijx

2
ik) just derived, we

find E[(x2ij − σ2j )(x
2
ik − σ2k)] = (κx − 1)σ2jk and E[(x2ij − σ2j )(x

2
tk − σ2k)] = 0 for i 6= t.

Thus E[(x2ij − σ2j )ρj(x2ik − σ2k)ρk] = (κx− 1)ρjσ
2
jkρk is the typical element of the limiting

variance matrix of (C.4).
We also need the mutual covariances of scalar (C.1) and vectors (C.2) and (C.4). We

find E[(u2i −σ2u)(xiui−σxu)] = E[(u2i −σ2u)(ξiui +σxuσ
−2
u u2i −σxu)] = (κu− 1)σ2uσxu and

E[(u2i − σ2u)(xtut − σxu)] = 0 for i 6= t. Hence,

nE[(u′u/n− σ2u)(X ′u/n− σxu)] = (κu − 1)σ2uσxu. (C.5)

Using xij = ξij + ρjσjσ
−1
u ui, from E[(u2i − σ2u)(x

2
ij − σ2j )ρj] = ρjE[(u2i − σ2u)(ξ

2
ij +

2σjσ
−1
u uiξij + ρ2jσ

2
jσ
−2
u u2i )] = (κu − 1)σ2uρ

3
jσ
2
j and E[(u2i − σ2u)(x2tj − σ2j )ρj] = 0 for i 6= t,

we find
nE[(u′u/n− σ2u)(S2x − Σ2

x)ρxu] = (κu − 1)σ2uΣ
2
xR

2ρxu. (C.6)
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And, using V ar(ξi) = Σxx − σ−2u σxuσ
′
xu, from

E[(ξijui + ρjσjσ
−1
u u2i − ρjσjσu)(ξ2ik + 2ρkσkσ

−1
u ξikui + ρ2kσ

2
kσ
−2
u u2i − σ2k)ρk]

= 2ρ2kσkσu(Σxx − σ−2u σxuσ
′
xu)jk + (κu − 1)ρjσjσuρ

3
kσ

2
k

= 2σuρ
2
kσk(Σxx)jk + (κu − 3)σuσjρjρ

3
kσ

2
k

we obtain

nE[(X ′u/n− σxu)ρ′xu(S2x − Σ2
x)] = 2σuΣxxΣxR

2 + (κu − 3)σuΣxρxuρ
′
xuΣ

2
xR

2. (C.7)

D. Proof of the KLS Theorem

To find the limiting distribution of the inconsistency corrected OLS estimator β̂KLS(ρxu) =
β̂OLS − n · σ̂u(ρxu)(X ′X)−1Sxρxu we have to examine

n1/2[β̂KLS(ρxu)− β] = (n−1X ′X)−1[n−1/2X ′u− n1/2σ̂u(ρxu)Sxρxu]. (D.1)

In Appendix B of Kiviet (2019) it is shown that the factor in square brackets can be
rewritten as

n−1/2X ′u− n1/2σ̂u(ρxu)Sxρxu
= n1/2[(I + θ−1Σxρxuρ

′
xuΣxΣ

−1
xx )(n−1X ′u− σxu)

− 0.5σu(I + θ−1Σxρxuρ
′
xuΣxΣ

−1
xx )Σ−1x (S2x − Σ2

x)ρxu

− 0.5σ−1u θ−1Σxρxu(n
−1u′u− σ2u)] + op(1), (D.2)

where θ = 1−ρ′xuΣxΣ
−1
xxΣxρxu > 0. Its three terms with finite distributions are all sample

averages of zero-mean random vectors, so a central limit theorem applies warranting its
limiting normal distribution. Denoting its limiting variance matrix as σ2uΘ we have

n1/2[β̂KLS(ρxu)− β]
d→ N (0, σ2uΣ

−1
xxΘΣ−1xx ). (D.3)

Employing the asymptotic variances and covariances derived in Appendix B, and making
use of the fact that diagonal matrices commute, we find for Θ the expression

(I + θ−1Σxρxuρ
′
xuΣxΣ

−1
xx )[Σxx + (κu − 2)Σxρxuρ

′
xuΣx](I + θ−1Σ−1xxΣxρxuρ

′
xuΣx)

+ 0.25(κx − 1)(I + θ−1Σxρxuρ
′
xuΣxΣ

−1
xx )Σ−1x R(Σxx ◦ Σxx)RΣ−1x (I + θ−1Σ−1xxΣxρxuρ

′
xuΣx)

+ 0.25(κu − 1)θ−2Σxρxuρ
′
xuΣx

− (I + θ−1Σxρxuρ
′
xuΣxΣ

−1
xx )ΣxxR

2(I + θ−1Σ−1xxΣxρxuρ
′
xuΣx)

− 0.5(κu − 3)(I + θ−1Σxρxuρ
′
xuΣxΣ

−1
xx )Σxρxuρ

′
xuΣxR

2(I + θ−1Σ−1xxΣxρxuρ
′
xuΣx)

− (I + θ−1Σxρxuρ
′
xuΣxΣ

−1
xx )R2Σxx(I + θ−1Σ−1xxΣxρxuρ

′
xuΣx)

− 0.5(κu − 3)(I + θ−1Σxρxuρ
′
xuΣxΣ

−1
xx )R2Σxρxuρ

′
xuΣx(I + θ−1Σ−1xxΣxρxuρ

′
xuΣx)

− 0.5θ−1(κu − 1)(I + θ−1Σxρxuρ
′
xuΣxΣ

−1
xx )Σxρxuρ

′
xuΣx

− 0.5θ−1(κu − 1)Σxρxuρ
′
xuΣx(I + θ−1Σ−1xxΣxρxuρ

′
xuΣx)

+ 0.25(κu − 1)θ−1(I + θ−1Σxρxuρ
′
xuΣxΣ

−1
xx )R2Σxρxuρ

′
xuΣx

+ 0.25(κu − 1)θ−1Σxρxuρ
′
xuΣxR

2(I + θ−1Σ−1xxΣxρxuρ
′
xuΣx).
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To simplify this we denote Φ = Σxρxuρ
′
xuΣx and use ΦΣ−1xxΦ = (1− θ)Φ, and find

Θ = Σxx + θ−1Φ + (κu − 1)θ−2Φ

+ 0.25(κx − 1)(I + θ−1ΦΣ−1xx )Σ−1x R(Σxx ◦ Σxx)RΣ−1x (I + θ−1Σ−1xxΦ)

+ 0.25(κu − 1)θ−2Φ

− (I + θ−1ΦΣ−1xx )ΣxxR
2(I + θ−1Σ−1xxΦ)

− 0.5(κu − 3)(I + θ−1ΦΣ−1xx )ΦR2(I + θ−1Σ−1xxΦ)

− (I + θ−1ΦΣ−1xx )R2Σxx(I + θ−1Σ−1xxΦ)

− 0.5(κu − 3)(I + θ−1ΦΣ−1xx )R2Φ(I + θ−1Σ−1xxΦ)

− 0.5θ−1(κu − 1)(I + θ−1ΦΣ−1xx )Φ

− 0.5θ−1(κu − 1)Φ(I + θ−1Σ−1xxΦ)

+ 0.25(κu − 1)θ−1(I + θ−1ΦΣ−1xx )R2Φ

+ 0.25(κu − 1)θ−1ΦR2(I + θ−1Σ−1xxΦ).

Making use of (I + θ−1ΦΣ−1xx )Φ = θ−1Φ this gives

Θ = Σxx + θ−1Φ + 1.25(κu − 1)θ−2Φ

+ 0.25(κx − 1)(I + θ−1ΦΣ−1xx )Σ−1x R(Σxx ◦ Σxx)RΣ−1x (I + θ−1Σ−1xxΦ)

− (I + θ−1ΦΣ−1xx )ΣxxR
2(I + θ−1Σ−1xxΦ)

− 0.5(κu − 3)θ−1ΦR2(I + θ−1Σ−1xxΦ)

− (I + θ−1ΦΣ−1xx )R2Σxx(I + θ−1Σ−1xxΦ)

− 0.5(κu − 3)θ−1(I + θ−1ΦΣ−1xx )R2Φ

− θ−2(κu − 1)Φ

+ 0.25(κu − 1)θ−1(I + θ−1ΦΣ−1xx )R2Φ

+ 0.25(κu − 1)θ−1ΦR2(I + θ−1Σ−1xxΦ).

= Σxx + θ−1Φ + 0.25(κu − 1)θ−2Φ

+ 0.25(κx − 1)(I + θ−1ΦΣ−1xx )Σ−1x R(Σxx ◦ Σxx)RΣ−1x (I + θ−1Σ−1xxΦ)

− ΣxxR
2 − θ−1ΦR2 − θ−1ΣxxR

2Σ−1xxΦ− θ−2ΦR2Σ−1xxΦ

− 0.5(κu − 3)θ−1ΦR2 − 0.5(κu − 3)θ−2ΦR2Σ−1xxΦ

−R2Σxx − θ−1ΦΣ−1xxR
2Σxx − θ−1R2Φ− θ−2ΦΣ−1xxR

2Φ

− 0.5(κu − 3)θ−1R2Φ− 0.5(κu − 3)θ−2ΦΣ−1xxR
2Φ

+ 0.25(κu − 1)θ−1R2Φ + 0.25(κu − 1)θ−2ΦR2Σ−1xxΦ

+ 0.25(κu − 1)θ−1ΦR2 + 0.25(κu − 1)θ−2ΦΣ−1xxR
2Φ,
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= Σxx + θ−1Φ + 0.25(κu − 1)θ−2Φ

− ΣxxR
2 −R2Σxx

− θ−1R2Φ− 0.5(κu − 3)θ−1R2Φ + 0.25(κu − 1)θ−1R2Φ

− θ−1ΦR2 − 0.5(κu − 3)θ−1ΦR2 + 0.25(κu − 1)θ−1ΦR2

− θ−1ΣxxR
2Σ−1xxΦ− θ−1ΦΣ−1xxR

2Σxx

− θ−2ΦR2Σ−1xxΦ− 0.5(κu − 3)θ−2ΦR2Σ−1xxΦ + 0.25(κu − 1)θ−2ΦR2Σ−1xxΦ

− θ−2ΦΣ−1xxR
2Φ− 0.5(κu − 3)θ−2ΦΣ−1xxR

2Φ + 0.25(κu − 1)θ−2ΦΣ−1xxR
2Φ

+ 0.25(κx − 1)(I + θ−1ΦΣ−1xx )Σ−1x R(Σxx ◦ Σxx)RΣ−1x (I + θ−1Σ−1xxΦ),

= Σxx + θ−1[1 + 0.25(κu − 1)θ−1]Φ

− ΣxxR
2 −R2Σxx − 0.25(κu − 1)θ−1(R2Φ + ΦR2)

− θ−1ΣxxR
2Σ−1xxΦ− θ−1ΦΣ−1xxR

2Σxx

− 0.25(κu − 1)θ−2Φ(R2Σ−1xx + Σ−1xxR
2)Φ

+ 0.25(κx − 1)(I + θ−1ΦΣ−1xx )Σ−1x R(Σxx ◦ Σxx)RΣ−1x (I + θ−1Σ−1xxΦ).

Further simplification, and employing

ΦR2Σ−1xxΦ = Σxρxuρ
′
xuΣxR

2Σ−1xxΣxρxuρ
′
xuΣx

= (ρ′xuΣxR
2Σ−1xxΣxρxu)Σxρxuρ

′
xuΣx

= (ρ′xuRΣxΣ
−1
xxΣxRρxu)Φ = ΦΣ−1xxR

2Φ,

yields

Θ = Σxx − (ΣxxR
2 +R2Σxx)

+ [1 + 0.25(κu − 1)θ−1(1− 2ρ′xuRΣxΣ
−1
xxΣxRρxu)]θ

−1Φ

− 0.25(κu − 1)θ−1(R2Φ + ΦR2)

− θ−1(ΣxxR
2Σ−1xxΦ + ΦΣ−1xxR

2Σxx)

+ 0.25(κx − 1)(I + θ−1ΦΣ−1xx )Σ−1x R(Σxx ◦ Σxx)RΣ−1x (I + θ−1Σ−1xxΦ).

E. KLS variance estimation in the model with K1 = 1

When the first column of X contains the one and only endogenous regressor, whereas
its correlation with the disturbance is ρ1, then, using e1 to denote a K× 1 vector with a
unit element in the first position and all others equal to zero, we have R = ρ1e1e

′
1, Φ =

e1e
′
1ρ
2
1σ
2
1, θ = 1− ρ21φ1 and φ1 = σ21e

′
1Σ
−1
xx e1. Using these when evaluating e

′
1Σ
−1
xxΘΣ−1xx e1

one finds this to be proportional to 1/σ21 with factor

(1− ρ21)φ1 − 2θ−1ρ41φ
2
1 + θ−1ρ21φ

2
1 − 0.5(κu − 1)θ−1ρ41φ

2
1

− 0.25(κu − 1)θ−2(1− 2ρ41φ1)ρ
2
1φ
2
1 + 0.25(κx − 1)ρ21(φ1 + θ−1ρ21φ

2
1)
2,

and this is found to be proportional to φ1/(4θ2) with factor

−2 + 2ρ21 + θ(6− ρ21) + κu(1− θ)(1− 2ρ21) + κxφ1(θ + 1).

Hence,

e′1Σ
−1
xxΘΣ−1xx e1 =

φ1[4− 8ρ21 − 6φ1ρ
2
1 + 10ρ41φ

2
1 + κu(ρ

2
1φ1 − 2ρ41φ

2
1) + κxρ

2
1φ1]

4θ2σ21
,

from which result (4.3) follows.
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F. On the power of the KLS instrument validity test

We focus on the situation sketched at the end of Section 4 for the case K1 = K3 = 1 and
K2 = 0. The latter assumption is not restrictive because we may assume that further
relevant predetermined regressors have been partialled out. From the general formula
for β̂KLS(ρxu) we find that in this special augmented regression we have

β̂3,KLS(ρ1) = β̂3,OLS − ( 0 1 )σ̂u∗(ρ1)

(
s11 s13
s31 s33

)−1(
s1 0
0 s3

)(
ρ1
0

)
= β̂3,OLS − σ̂u∗(ρ1)s1ρ1[−s13/(s11s33 − s213)].

We will derive the probability limits of β̂3,KLS(ρ1) and of β̂3,KLS(ρ̂1), where ρ̂1 results
from IV estimation. Consider first

β̂3,OLS + σ̂u∗(ρ̂1)(n
−1x′1x1)

1/2ρ̂1{n−1x′1x3/[(n−1x′1x1)(n−1x′3x3)− (n−1x′1x3)
2]}.

UsingM1 = I−x1(x′1x1)−1x′1, M1,3 = M1−M1x3(x
′
3M1x3)

−1x′3M1 and denotingE(xi3ui) =
ρ3σ3σu, E(xi1xi3) = ρ13σ1σ3, we find, assuming ρ13 6= 0 (variable x3 is a relevant instru-
ment for x1):

β̂3,OLS = (x′3M1x3)
−1x′3M1y = (x′3M1x3)

−1x′3M1(x1β1 + u)

= (n−1x′3M1x3)
−1n−1x′3M1u→

ρ3 − ρ13ρ1
1− ρ213

σu
σ3
,

ûIV = y − x1β̂IV = y − (x′3y/x
′
3x1)x1 = u− (x′3u/x

′
3x1)x1 → u− σu

σ1

ρ3
ρ13

x1,

n−1û′IV ûIV = n−1u′u− 2
σu
σ1

ρ3
ρ13

n−1u′x1 +
σ2u
σ21

ρ23
ρ213

n−1x′1x1

→ σ2uρ
−2
13 (ρ213 − 2ρ1ρ3ρ13 + ρ23),

n−1x′1ûIV = n−1x′1u−
σu
σ1

ρ3
ρ13

n−1x′1x1 → σuσ1(ρ1 − ρ3/ρ13),

ρ̂1 = (n−1x′1ûIV )/[(n−1x′1x1)(n
−1û′IV ûIV )]1/2

→ (ρ1ρ13 − ρ3)[ρ213 − 2ρ1ρ3ρ13 + ρ23]
−1/2,

n−1x′1M3x1 → σ21(1− ρ213),
n−1y′M1,3y → σ2u[1− ρ21 − (ρ3 − ρ1ρ13)2/(1− ρ213)],

σ̂2u∗(ρ̂1) = (n−1y′M1,3y)/[1− ρ̂21(n−1x′1x1)/(n−1x′1M3x1)
−1]

→ σ2u(1− 2ρ1ρ3/ρ13 + ρ23/ρ
2
13).

Hence, because σ̂u∗(ρ̂1)ρ̂1 → σu(ρ1 − ρ3/ρ13) and

n−1x′1x3/[(n
−1x′1x1)(n

−1x′3x3)− (n−1x′1x3)
2]→ 1

σ1σ3

ρ13
1− ρ213

,

we obtain

β̂3,KLS(ρ̂1)→
σu
σ3

{
ρ3 − ρ13ρ1

1− ρ213
+ (ρ1 − ρ3/ρ13)

ρ13
1− ρ213

}
= 0,
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irrespective of the actual value of ρ3. Whereas, because σ̂2u∗(ρ1)→ σ2u,

β̂3,KLS(ρ1)→
σu
σ3

{
ρ3 − ρ13ρ1

1− ρ213
+

ρ1ρ13
1− ρ213

}
=
σu
σ3

ρ3
1− ρ213

,

which is zero just when ρ3 = 0, which makes x3 a valid instrument. Note that ρ13 close
to zero (x3 a weak instrument for x1) does not upset these results.

G. On the design of the simulated time-series DGP

The yi series of model (5.1) has zero-mean with variance

σ2y = β21σ
2
x + β22σ

2
y + σ2u + 2β1β2E(xiyi−1) + 2β1E(xiui).

Since
E(xiyi−1) = E[(πξi−1 + εi + λ1ui)yi−1] = πE(ξiyi),

whereas yi consists of many terms from which just β1Σ∞l=0β
l
2ξi−l is correlated with ξi, we

obtain
E(xiyi−1) = πβ1Σ

∞
l=0β

l
2E(ξiξi−l) = πβ1σ

2
ξ/(1− πβ2).

Now, using λ1 = ρ1σx/σu and σ2x = σ2ξ + ρ21σ
2
x, which gives σ

2
x = σ2ξ/(1− ρ21), we find

(1− β22)σ2y = β21σ
2
x + σ2u + 2β21β2πσ

2
ξ/(1− πβ2) + 2β1λ1σ

2
u (G.1)

= σ2ξβ
2
1 [1/(1− ρ21) + 2β2π/(1− πβ2)] + 2σξβ1ρ1σu/(1− ρ21)1/2 + σ2u.

Defining scalars a, b and c such that (G.1) can be rewritten as σ2y = aσ2ξ + bσξ + c,
(5.2) yields

aσ2ξ + bσξ + c− σ2u
aσ2ξ + bσξ + c

= R∗.

Next, from the polynomial equation

a(1−R∗)σ2ξ + b(1−R∗)σξ + c(1−R∗)− 1 = 0,

we will consider its positive solutions

σξ = {−b(1−R∗)± [b2(1−R∗)2 − 4a(1−R∗)(c(1−R∗)− 1)]1/2}/[2a(1−R∗)]. (G.2)

Substituting in the expressions for a, b and c all earlier chosen parameter values yields
solutions for σξ, provided we have chosen compatible values for the underlying parame-
ters. Next, series {xi, yi} can be generated on the basis of drawn random series {εi, ui},
for which we could choose alternative values for skewness and kurtosis.
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